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Solution of Laplace’s Equation  

   In this lecture we discuss the solution of Laplace’s equation by using the method of 

separation of variables. The Laplace equation is written as:  𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 0.  

The following examples explain how to find the solution.  

Example 1: Solve the Laplace’s equation by the method of separation of variables 

                     over 0 ≤ 𝑥 ≤ 𝜋 , 𝑦 > 0 with  𝑢(𝑥, 0) = 𝑢𝑥(0, 𝑦) = 𝑢𝑥(𝜋, 𝑦) = 0 

Solution:  Assume the solution is    𝑢(𝑥, 𝑦) = 𝐹(𝑥 )𝐺(𝑦) 𝑡ℎ𝑒𝑛  𝐹′′𝐺 + 𝐹𝐺′′ = 0  

                   
  𝐹′′

𝐹
= −

  𝐺′′

𝐺
= −𝜆2 

                 
  𝐹′′

𝐹
= −𝜆2     

                 𝐹′′ + 𝜆2𝐹 = 0      

                 𝐹 = 𝐴 𝑠𝑖𝑛 𝜆𝑥 + 𝐵 𝑐𝑜𝑠 𝜆𝑥        

                 𝑢𝑥(0, 𝑦) = 𝑢𝑥(𝜋, 𝑦) = 0    ⇰    𝐹′(0) = 0 𝑎𝑛𝑑   𝐹′(𝜋) = 0   

                 𝐹′ = 𝜆𝐴 𝑐𝑜𝑠 𝜆𝑥 − 𝜆𝐵 𝑠𝑖𝑛 𝜆𝑥 

                𝐹′(0) = 0  ⇰  0 = 𝜆𝐴 𝑐𝑜𝑠(0) − 𝜆𝐵 𝑠𝑖𝑛(0)    ⇰  𝐴 = 0 

                So 𝐹 = 𝐵 cos 𝜆𝑥 

                𝐹′(𝜋) = 0    ⇰  0 = −𝜆𝐵 sin(𝜆𝜋)    

              Either  𝐵 = 0 ⇰  𝑢 = 0     (trivial solution)  

               Or  sin(𝜆𝜋) = 0  ⇰  𝜆𝜋 = 𝑛𝜋    ⇰  𝜆 = 𝑛  , 𝑛 = 1,2,3, ⋯ 

                So 𝐹 = 𝐵 cos 𝑛𝑥 

                Nwo  −
  𝐺′′

𝐺
= −𝜆2    ⇰    𝐺′′ − 𝑛2𝐺 = 0 

                𝐺 = 𝐶 sinh 𝑛𝑦 + 𝐷 cosh 𝑛𝑦 

                𝑢(𝑥, 0) = 0   ⇰ 𝐺(0) = 0   ⇰  0 = 𝐶 sinh(0) + 𝐷 cosh(0)    ⇰  𝐷 =  0 

                𝐺 = 𝐶 sinh 𝑛𝑦 

               Then  𝑢(𝑥, 𝑦) = 𝐵 cos 𝑛𝑥 × 𝐶 sinh 𝑛𝑦 

               𝑢(𝑥, 𝑦) = ∑ 𝑎𝑛 cos 𝑛𝑥 sinh 𝑛𝑦

∞

𝑛=1
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Example 2: Solve the Laplace’s equation by the method of separation of variables 

                     over 0 ≤ 𝑥 ≤ 𝜋 , 𝑦 > 0 with  𝑢(𝑥, 0) = 𝑢(0, 𝑦) = 𝑢𝑥(𝜋, 𝑦) = 0 

   Solution :   Assume the solution is      𝑢(𝑥, 𝑦) = 𝐹(𝑥 )𝐺(𝑦) 𝑡ℎ𝑒𝑛  𝐹′′𝐺 + 𝐹𝐺′′ = 0     

                      
  𝐹′′

𝐹
= −

  𝐺′′

𝐺
= −𝜆2 

                      
  𝐹′′

𝐹
= −𝜆2      ⇰                    𝐹′′ + 𝜆2𝐹 = 0       

                     𝐹 = 𝐴 𝑠𝑖𝑛 𝜆𝑥 + 𝐵 𝑐𝑜𝑠 𝜆𝑥                                        

                     𝑢(0, 𝑦) = 0    ⇰  𝐹(0 ) = 0   

                      0 = 𝐴 sin(0) + 𝐵 cos(0)    ⇰  𝐵 = 0 

                       ∴    𝐹 = 𝐴 𝑠𝑖𝑛 𝜆𝑥                                   

                      𝑢𝑥(𝜋, 𝑦) = 0    ⇰  𝐹′(𝜋 ) = 0 

                       𝐹′ = 𝐴𝜆 𝑐𝑜𝑠 𝜆𝑥   ⇰  0 = 𝐴𝜆 cos 𝜆𝜋   ⇰  cos 𝜆𝜋 = 0 

                     𝜆𝜋 =
(2𝑛 − 1)𝜋

2
    ⇰ 𝜆 =

 2𝑛 − 1 

2
     𝑛 = 1,2,3, ⋯ 

                    Nwo  −
  𝐺′′

𝐺
= −𝜆2    ⇰    𝐺′′ − 𝜆2𝐺 = 0 

                   𝐺 = 𝐶 sinh 𝜆𝑦 + 𝐷 cosh 𝜆𝑦 

                  𝑢(𝑥, 0) = 0   ⇰ 𝐺(0) = 0   ⇰  0 = 𝐶 sinh(0) + 𝐷 cosh(0)    ⇰𝐷 =  0 

               ∴  𝐺 = 𝐶 sinh (
 2𝑛 − 1 

2
) 𝑦 

               Then  𝑢(𝑥, 𝑦) = 𝐴 sin
 (2𝑛 − 1)𝑥 

2
× 𝐶 sinh

 (2𝑛 − 1)𝑦 

2
        𝑛 = 1,2,3, ⋯ 

               𝑢(𝑥, 𝑦) = ∑ 𝑎𝑛 sin
 (2𝑛 − 1)𝑥 

2
sinh

 (2𝑛 − 1)𝑦 

2

∞

𝑛=1
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Example 3: Solve the Laplace’s equation by the method of separation of variables 

                     over 0 ≤ 𝑥 ≤ 𝜋 , 𝑦 > 0 with  𝑢𝑦(𝑥, 0) = 𝑢𝑥(0, 𝑦) = 𝑢(𝜋, 𝑦) = 0 

Solution:  𝑢(𝑥, 𝑦) = 𝐹(𝑥 )𝐺(𝑦) 𝑡ℎ𝑒𝑛  𝐹′′𝐺 + 𝐹𝐺′′ = 0   

                   
  𝐹′′

𝐹
= −

  𝐺′′

𝐺
= −𝜆2 ⇰      

  𝐹′′

𝐹
= −𝜆2   ⇰       𝐹′′ + 𝜆2𝐹 = 0       

                 𝐹 = 𝐴 sin 𝜆𝑥 + 𝐵 cos 𝜆𝑥        

                 𝑢𝑥(0, 𝑦) = 0    ⇰  𝐹′(0) = 0  

                 𝐹′ = 𝜆𝐴 cos 𝜆𝑥 − 𝜆𝐵 sin 𝜆𝑥 

               𝑢𝑥(0, 𝑦) = 0 ⇰  𝐹′(0) = 0  ⇰  0 = 𝜆𝐴 cos(0) − 𝜆𝐵 sin(0)    ⇰  𝐴 = 0 

                So 𝐹 = 𝐵 cos 𝜆𝑥 

               𝑢(𝜋, 𝑦) = 0  ⇰  𝐹(𝜋) = 0    ⇰  0 = 𝐵 cos(𝜆𝜋)    

               cos(𝜆𝜋) = 0  ⇰            𝜆𝜋 =
(2𝑛 − 1)𝜋

2
    ⇰ 𝜆 =

 2𝑛 − 1 

2
     𝑛 = 1,2,3, ⋯ 

                So  𝐹 = 𝐵 cos
 (2𝑛 − 1)𝑥 

2
 

                Nwo  −
  𝐺′′

𝐺
= −𝜆2    ⇰    𝐺′′ − 𝜆2𝐺 = 0 

                𝐺 = 𝐶 sinh 𝜆𝑦 + 𝐷 cosh 𝜆𝑦   ⇰              𝐺′ = 𝜆𝐶 cosh 𝜆𝑦 + 𝜆𝐷 sinh 𝜆𝑦 

                 𝑢𝑦(𝑥, 0) = 0   ⇰ 𝐺′(0) = 0   ⇰  0 = 𝜆𝐶 cosh(0) + 𝜆𝐷 sinh(0)   ⇰𝐶 =  0 

                𝐺 = 𝐷 cosh
 (2𝑛 − 1)𝑦 

2
 

               Then  𝑢(𝑥, 𝑦) = 𝐵 cos
 (2𝑛 − 1)𝑥 

2
× 𝐷 cosh

 (2𝑛 − 1)𝑦 

2
 

               𝑢(𝑥, 𝑦) = ∑ 𝑎𝑛 cos
 (2𝑛 − 1)𝑥 

2
cosh

 (2𝑛 − 1)𝑦 

2

∞

𝑛=1

 

 

H.W:  Apply the method of separation of variables to solve Laplace’s equation 

1.    𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 0   with 𝑢(𝑥, 0) = 𝑢𝑥(0, 𝑦) = 𝑢𝑥(𝜋, 𝑦) = 0      
  

2.     𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 0   with 𝑢𝑦(𝑥, 0) = 𝑢(0, 𝑦) = 𝑢 (
 𝜋 

 2 
, 𝑦) = 0  


