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Hyperbolic Functions
The last set of functions that we’re going to be looking are the hyperbolic functions.
In many physical situations combinations of e* and e™ arise fairly often. Because of
this these combinations are given names. There are six hyperbolic functions and they

are defined as follows

- eX —e™* h eX+e™*
sinhx = — coshx = ——
2 2
canh sinhx e*—e™*
anh x = =
coshx e*X+e~*
1 1
cothx = , sechx = and cschx = —
tanh x coshx sinh x

Graphs of Hyperbolic Functions
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Some Identities for Hyperbolic Functions
We have the following facts about the hyperbolic functions
1. coshx >1, O0<sechx<1and —1<tanhx <1 forallx
2. sinh(—x) = —sinh(x) and cosh(—x) = cosh(x)
sinh(0) = 0 and cosh(0) =1
. cosh?x —sinh?x =1

. sinh 2x = 2 sinh x cosh x

sinhx + coshx = e*

3.

4

5

6. cosh 2x = cosh?x + sinh? x

7

8. sinh(x + y) =sinhx coshy + sinh y cosh x
9

. cosh (x + y) = cosh x cosh y + sinh y sinh x

Proof
eX + e™*\? eX — g%\ 2
4. cosh? x —sinh?x = (—) - (—)
2 2
er + Zex—x + e—2x er _ Zex—x + e—Zx
B 4 4
e?X 424 e ¥ —e?X 42 —p7%X
B 4
* 1
==
_ _ e*—e™ eV+e?V e¥—eV ef+e™*
8. sinhx coshy + sinhy coshx = X + X
2 2 2 2
ex+y + ex—y _ e—x+y _ e—x—y + ex+y + ey—x _ e—y+x _ e—x—y
B 4
2eXtY — 2e7X7Y z(ex+y — e—(x+y))
B 4 B 4
ex+y _ e—(x+y)
= 5 = sinh(x + y)
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Solving Equations
Examplel: Find the value of x for which sinhx = 0.75

—e™* 3
3 = > { 2e¥—2e*=3 }xe*

4
202 —3e*—-2=0 » (e*+1(*-2)=0

ex

1
eX=2 >0 or ex=—?<0

Bute* >0Vx€R,50 e*=2 = x=1In2=0.693

We can solve this example by another way:

by =
smx—4

But, cosh?x = 1 + sinh?x

) 9 25
cosh*x=1+—=

— hx = — hx>1 Vx€ER
16 T cosh x 2 (coshx > X )

inh hx=¢e* e —— =2
sinhx 4+ coshx =e e 4+4
x =1n2 =0.693

Example 2: Solve for x: 2sinhx — 3 coshx = -3

) (ex — e‘x> 3 (ex + e‘x> _ 3
2 2 B
2e* —2e7* —3e* —3e7*
2
—e*—5e™* =-6
{e* +5e™* =6} xe*
e?* —6e*+5=0
(e*—1)(e*—5)=0
e* =1 or e* =

x=In1=0or x=1In5=1.609

=-3
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Example 3: Solve for x: 5coshx + 3sinhx =4

S(ex+e‘x)+3<ex—e‘x> _4
2 2 B

5e* + 5e7™* + 3e* — 3e7*
2 =4

8e* + 2e7*

4€x+e—x=4
4e%* +1
e* =4

4(e*)2 —4e*+1=0

(2e* —1)2 =0

e*=1/2

x=1In(1/2) =—In2 =-0.693
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Derivatives of Hyperbolic Functions

If u = u(x), then:

1 inh) = coshu 2
T (sinhu) = coshu I
2 hu) = sinhu o2
T (coshu) = sinhu I
3. % (tanhu) = sech?u 2
.dx(an u) = sec udx
4 (cothw) = — csch?u 2
- 7 (cothu) = —csch®u —
5. —— (sechu) = — sechu tanh u —
- 7, (sechw) = —sechutanhu —
6. — (cschu) = — cschu coth u —
. 7 (eschu) = —cschucothu —
Example 4: Find derivatives of the functions
dy .
1. y = cosh(x? — 3) > = 2x sinh(x? — 3)
5 N - W2 11 x 2x x coshvx? +1
. y = sinh+/x — = cosh+/x =
Y dx 2VxZ +1 Vxz +1
dy 1 sech®Vx
3. v = tanhx > — = sech?V/x X =
d dx 2\Vx 2\x
dy .
4. y = e?* cosh 3x > = 3e%* sinh 3x + 2e2* cosh 3x
Exercises
1. Solve for x € R
a. 4coshx +sinhx =4 b. 3sinhx —coshx =1
c. sech2x = 0.25 d. 10sinh2x + 2cosh2x =5
2. Find derivatives of the functions
a. y = cosh 2x — sinh 3x b. y = e~%* sinh2x
c. y = 3xsech2x d. y = v/xtanh+/x

34



