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Abstract

In this paper we study the space L_(X) all functions that are essentially bounded,
since X is a measureable space for n disjoin subsets of X, can be viewed together an n-norm
space (X,l[.,...,.1l.) normed space. We view several features of this n normed space like as
a derived norm, property of completeness, fixed-point-theorem.
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1. Introduction

Definition 1.1 [6] : Let n be a positive integer and X is a real vector
space of dimension bigger than n. A mapping : X" — R with the
following four properties:
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1. "xl, X ||[=0x,,x,,.....,x, are dependent oflinearly;

2. ”xl,...,xn” is invariant under permutation;

3. ||axl,...,xn||= |a|||xl,...,xn||foranyae R;

7
4. ||x+x ,xz,...,xn"S

x,xz,...,xn||+|

7
X%, X,

7

then the above properties with (X, ) are called an n normed space.

Which inner product of real vector spage (X,(,.)) given with
the standard n norm "xl,...,xn":: (det((xi,xj))i. The above definition
represents also the volume of the n dimensional parallelepiped spread
by x,x,,...,x, in X. On R", this n norm knows as "xl,...,xn |:= Idet(xl.].) [,
where x, =(x,,,...,x,) € R",i=1,...,n. The concept of 2 normed spaces
was improved by Gahler [ 4] since middle 1960. The theory of n normed
spaces was studied by many researchers, firstly by Misiak[6] (also see the
sources [2], [3],[4], [5]). Through this work, we’ll discuss the space L_(X)
the space of modulus equivalence almost everywhere (equivalence classes)
of functions like as sup__, | f(x)|< e, and its normal parameters 1, which
is known as a generalization of the standard norm " fm” =sup_, | f(x)].
From [5] we take the definition ”,," on L_(X)xL_(X)x...xL_(X)(n

factors), (f,,.., f,||_ = sup, _y---Sup, _y Tdet(ﬁ(xj))l.
Theorem 1.2 : Let f,f,f,,...,f, € L (X)XL_(X)x ...xL_(X) (n factors),
then |+ £, fyoe s £ <Uf o fors £ +|F0 fornen £

Theorem 1.3 [7] : Suppose that p,,....,p, > 0 real numbers such that
waml/p, =1 and f  be measurable functions for «a=1,....,m.Then

a=1m

M f, e L and JTLA S, | du< T -

Auxiliary theorem 1.4 [1]: Suppose that X be a vector space of finite-dimensional,
then |||| and |||| are equivalent if Vxe X3 constants 0<B,X<e 3B

*
X

<[l< x|

2. The Main Results

Theorem 2.1 : The inequality " firei £,
whenever f, f,,..., f, € L_(X).

<) (AL

fu

_), holds



ON THE NORMED SPACE OF MEASURABLE FUNCTIONS 3

Proof:Suppose O beasetof all permutations of {1,2,...,n}. By Minkowski’s
and triangle inequalities, we have

|fireor £,

sup...sup |det(f,(x,))|

xeX x,eX

oo

= sup...sup

xeX x,eX

S s ), (x,)

O={ji,jy e

< (n) su}g)...sul)?(H > }EQIﬂ(le)fz(sz)...fn(xjn)|j
<) Y [sup|f1(xj1)|...su§|fn(xjn)|J

O={jy - rf, J€O| x€X

By Theorem 1.3, we get
[y e GO SR (I VA

Uy eorfi JEO
<@ YA IEL 5L

f

2

Theorem 2.2 : ||.fl""’fn _isan n normed space for L_.

Proof : We necessity to proof which ” firo-s f,|  corresponds the three
conditions of an n norm 2., 3. are obvious, we'll prove the first condition.

flx) - filxy)
Assume that "f],...,fn K :

. =0. Then det

}: 0 For all i
FaCe) o fu(xy)

and, that leads to f,, f,, ..., f, are dependent of linearly, the converse side is
obvious. Case 4. satisfies by using Theorem 1.2.

Corollary 2.3: (L_,|f,,..., f,

) it defines an n normed space.

3. Completeness
Definition of converge sequence.

Suppose that a sequence of functions F (x)en normed space
(X,".,..., ") is said to be converge to some F € X in the n norm whenever,
lim,_ |ﬂ(x)—]:,f2,...,fn =0, for every f,,..., f, € X. Also a sequence
of functions ¥, (x) is called Cauchy sequence of functions in the n normed
space if, limm/k_m ||J’-;(x)—j’-:"(x),f2,...,fn =0, for every f,,...,f € X. If
every Cauchy sequence in X converges to some F € X, then X is called a
complete n normed space.
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Auxiliary theorem 3.1 : A sequence of functions in the n normed space
(Lm,". ...... ||m) is convergent if f it is convergent in the standard normed space

(Lm,”."w). likewise, a sequence of functions in the n normed space (LM,". ...... ||°c)
be Cauchy if f Cauchy in the standard normed space (Lm,”."w). The one parts

of auxiliary theorem 3.2 happens from Theorem 2.1. To solve the second parts
we are using a derived norm, defined with reference to {yA,, ..., XA}, where
A,,..., A, be disjoint sets of non-negative measureable and yA:X — R stands

for the characteristic function of a set Ac X, ie., yA(x)= {; 1’; x:::.
, if x
can define a derived norm as follows:

A= sup  [foxAn- 2]

So, we

Theorem 3.2 : The derived norm ||||w is analogous to the standard norm ||||w
Properly, we have

n" XA, X || .
(2n - 1)(” ZA " +. +|| XA " )”f" "f"oc
<o s Leal el .
Proof : For every fe L_ andany subset {i,,...., iyc L., n}, we compute
|f AL xA, ., 2 I 2 I P2 e P2

By Theorem 2.1 , we get
.= s [ozueral.

sw!)([ cup ||xA,.2||m..-||zAm||w]nfuw-

iy, tc{l,.. )

To prove the reverse inequality, we obtain

XA (x) - xA (x)

||f||w ||;(Al ..... XA, ||w =sup...sup|f(x)
xeX x,eX

XA (x,) - A (x,)

By Minkowski’s inequality, we have
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ZA() - ZAX)
fo| Fo

sup...sup
xeX x,eX

xA K)o xA (X))
f - xA,M)

<sup...sup|yA(x,)| . :
x,€X
' fx) - 2AK,)

f) - xA(x)

+sup...sup| ¥ A (x,)| : . :
X, € x,eX f(x) ZAn(x)

ZAl(xl) f(x1) ZAn(xl)
+sup...sup|yA,(x)| : : +...
ZAE) fOx) xAR)
xAx) - fx)
+sup...sup|yA, (x)| R
x,eX x,eX ZAl(xn) f(x”)
ki 2O N IR 2 B T I Y TP e
votlpA | 2 zA
Consequently, we get
A lxA s - 24|
<nlaAf zAu x| x| f A A .
oA A xAL
Al 2, A |
kL N 1 2 i I W 2 A
+...+||;(An||m||f,;(A1 ..... ;(An_luw
A A 2 A | <l | 2 ]+

||;(A1||m||f, ZA ..., ;(AH"N+...+||;(Anfl||m||f, ZA ..., ZAH||M,
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therefore, see that and by auxiliary theorem 1.4, we get

n|[f |z A, 2A- A <@n=D|xA|_|f xA - A+
Cn-1|zA|_|f 2A - 2A L] =
I 2t 28 < s 5 e 28] <L
|| fixA,,..., ;(AH"wS sup || fixA,,..., ;(Am"m:" f"l,so we get

{iy iy} 1,0 )

n||f||m||;(Al,;(Az,....,;5An||°° < (2n—1)(||;(Al||w +||;(Az||°° +...+||;(An||w)

Remark 3.3 : Theorem 3.2 help us in special that ""N is controlled by "" Iy
So thus we in fact necessity to solve Auxiliary theorem 3.1.

Solution of auxiliary theorem 3.2 : Suppose that a sequence of functions F, (x)
converges to F € L_in n norm " ....... "w With respect to {yA,, ..., XA}, define
""w as before. Then, since

lim,__[[% (0 ~F, 2A,, A, 2A,|| =0,

lim,_ |7 (x)=F, 24, XA,, ... XA, =0,
and lim,__ " F(x)=F, yA, XA,,... XA, || =0, wehave lim___ ||]—'k(x)— F ||m
=0, that is a sequence of functions F (x) in ||||m converges to several F € L _.

A norm ""°° is grabbed by the norm ""1 , and so we conclude that F, (x) also

converse to F in "" . Theorem 2.1. shows the second side.
Theorem 3.4 : The n normed space (Lm,". ...... ”M) is a complete space.

Proof : Suppose a F,(x) be Cauchy sequence of functions € L_ in the n
norm " ....... ”w . consequently, by Auxiliary theorem 3.1 a sequence F, (x)
is Cauchy sequence of functions with reference to the standard norm "”m .
The space L_ is complete in the norm ||||w , so that a sequence of functions

F,(x) converges to several F € L_in the norm ”"m . By the second part of
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Auxiliary theorem 3.1, a sequence of functions F, (x) converges to F in
. Hence the n normed space (L_, ) is a complete space.

feeeye

feeeye

Corollary 3.5: The space (L_(X), 1) is complete Banach space. We'll employ
“derived norm” to show the following “contractive mapping” in the n normed
space (L_ )

Theorem 3.6 (Contractive Mapping) : Let S be a mapping S:L_ — L_which
is contractive with respect to characteristic function {yA,,..., ¥A,} in L_(X),
and some constant C e (0,1) such that the inequality

ISF=Sf' 2 Ao 2A | <C|f - £ 2 AL XA,

pesese

oo

Satisfy forall f,f’, in L_ and {iy,...,i
has only one fixed point belong to L_.

Y c{1,...,n}. Then the mapping S

n

Proof : For every f,f’e L_, sowe get

Ir=sl= sup =9 2Au 2,

l"

oo

s
oo

<l gm -Tatanl el

and by Corollary 3.5 = Sis contractive depend to "”Z .
= S contained one fixed point belong to L_.

4. Conclusion

We can communicate the several properties of n-norm space of L_ to
derived norm valent to its standard norm of L_ such as convergence and
fixed-point theorems.
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