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On the n normed space of L¥ measurable functions
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Abstract
In this paper we study the space ( )L X¥  all functions that are essentially bounded, 

since X is a measureable space for n disjoin subsets of X, can be viewed together an n-norm 
space ¥¼( ,||., , .|| )X  normed space. We view several features of this n normed space like as 
a derived norm, property of completeness, fixed-point-theorem.

Subject Classification:  41A50, 30E10.

Keywords: n normed space, Derived norm, Measurable functions space L¥, Equivalent two norms, 
Completeness, Contractive mapping-theorem.

1.  Introduction

Definition 1.1 [6] : Let n  be a positive integer and X is a real vector 
space of dimension bigger than n.  A mapping ., , . :¼ ®X Rn  with the 
following four properties:
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1.	 1 1 21. , , 0 , , ..,n nx x x x x¼ = « ¼  are dependent oflinearly;

2.	 12. , , nx x¼  is invariant under permutation;

3.	 1 13. , , | | , , for any ;n nx x x x Ra a a¼ = ¼ Î

4.	 2 2 24. , , , , , , ,, , ,n n nx x x x x x x x x x¢ ¢+ ¼ £ ¼ + ¼

then the above properties with ( , ., , . )X ¼  are called an n normed space.
Which inner product of real vector space ( , ., . )X á ñ  given with 

the standard n norm 1 , , :nx x¼ =
1
2(det ( , ) .i jx x ñá  The above definition 

represents also the volume of the n  dimensional parallelepiped spread 
by x1,x2,…,xn in X. On Rn, this n norm knows as 1 , , :nx x¼ = | )|,det ( ijx  
where 1( , , )i i inx x x= ¼ , 1, , .nR i nÎ = ¼  The concept of 2 normed spaces 
was improved by Gahler [ 4] since middle 1960. The theory of n  normed 
spaces was studied by many researchers, firstly by Misiak[6] (also see the 
sources [2], [3],[4], [5]). Through this work, we’ll discuss the space ( )L X¥  
the space of modulus equivalence almost everywhere (equivalence classes) 
of functions like as sup ( )| ,|x X f xÎ < ¥ and its normal parameters n, which 
is known as a generalization of the standard norm : sup | ( )|.x Xf f x¥ Î=  
From [5] we take the definition ., , .

¥
¼  on ( ) ( )L X L X¥ ¥´ ( )L X¥´¼´ (n 

factors), 1 , , :nf f
¥

¼ =
1

sup sup
nx X x XÎ Î¼ |det ( ( ))|.i jf x  

Theorem 1.2 : Let 2, , , , nf f f f* ¼ Î ( ) ( )L X L X¥ ¥´ ´ ( )L X¥¼´ (n factors), 

then 2, , , nf f f f*

¥
+ ¼ 2( , , , nf f f

¥
£ ¼ 2, , , .)nf f f*

¥
+ ¼

Theorem 1.3 [7] : Suppose that p1,…..,pm > 0 real numbers such that 
1 1/ 1m

m ápa= =å  and fa  be measurable functions for 1, ., .ma = ¼ Then 
1

1
m f La a= ÎÕ  and 1| |m fa a=Õò dm £ 1 .m

p
f

a
a a=Õ

Auxiliary theorem 1.4 [1] : Suppose that X be a vector space of finite-dimensional, 
then . and .

*
 are equivalent if x X" Î $  constants 0 , B< À < ¥ '

.x x x* *£ £À

2.  The Main Results

Theorem 2.1 : The inequality 2
1 , , ( !)nf f n

¥
¼ £ 1 2( ),nf f f

¥ ¥ ¥
¼  holds 

whenever 1 2, , , ( ).nf f f L X¥¼ Î
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Proof : Suppose Q  be a set of all permutations of {1,2,…,n}. By Minkowski’s 
and triangle inequalities, we have

1
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By Theorem 1.3, we get 

1
1 1 2

{ , ,

2
1 2

{ }
, , ( !) (

( !)( )

)

.
n

n n
j j

n

f f n f f f

n f f f
J¥ ¥ ¥ ¥= ¼ ÎQ

¥ ¥ ¥

¼ = ¼å

£ ¼

Theorem 2.2 : 1 , , nf f
¥

¼ is an n  normed space for .L¥

Proof : We necessity to proof which 1 , , nf f
¥

¼  corresponds the three 
conditions of an n  norm 2. , 3. are obvious, we’ll prove the first condition.

Assume that 1 , , 0.nf f
¥

¼ =  Then 
é ù
ê ú
ê ú
ê úë û

=


  



1 1 1

1

( ) )(

) )((
det 0

n

n n n

f x f x

f x f x
 For all i 

and, that leads to f1, f2, …, fn are dependent of linearly, the converse side is 
obvious. Case 4. satisfies by using Theorem 1.2. 

Corollary 2.3 : 1( , , , )nL f f¥ ¥
¼  it defines an n  normed space.

3.  Completeness

Definition of converge sequence.

Suppose that a sequence of functions ( )k x În  normed space 
( , ., , . )X ¼  is said to be converge to some XÎ  in the n  norm whenever, 
limk®¥ 2( ) , , ,k nx f f- ¼  0,=  for every 2 , , .nf f X¼ Î  Also a sequence 
of functions ( )k x  is called Cauchy sequence of functions in the n  normed 
space if, ,limm k®¥ 2( ) ( ), , ,k m nx x f f- ¼  0,=  for every 2 , , .nf f X¼ Î  If 
every Cauchy sequence in X converges to some ,XÎ then X is called a 
complete n  normed space.
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Auxiliary theorem 3.1 : A sequence of functions in the n  normed space 
( , ., , . )L¥ ¥

¼  is convergent if f it is convergent in the standard normed space 
( )., .L¥ ¥  

likewise, a sequence of functions in the n normed space ( , ., , . )L¥ ¥
¼  

be Cauchy if f Cauchy in the standard normed space ( )., .L¥ ¥
 The one parts 

of auxiliary theorem 3.2 happens from Theorem 2.1. To solve the second parts 
we are using a derived norm, defined with reference to 1{ , , },nA Ac c¼  where 
A1,…,An be disjoint sets of non-negative measureable and :A X Rc ®  stands 
for the characteristic function of a set ,A XÌ  i.e., 

ì Îï
í

Ïïî
= 1, if

0, if
( ) .x A

x A
A xc  So, we 

can define a derived norm as follows:

2

2
{ , , {1, , }}

: sup , , , .
n

i in
i i n

f f A Ac c
*

¥ ¥¼ Ì ¼
= ¼

Theorem 3.2 : The derived norm .
*

¥
 is analogous to the standard norm . .

¥
 

Properly, we have 

1

1

, ,

(2 1)( )
n

n

n A A
f f

n A A

c c

c c
*¥

¥ ¥
¥ ¥

¼
£

- +¼+

2

2
2

{ , , {1, , }}
( !) sup ..

n

i in
i i n

n A A fc c
¥ ¥ ¥¼ Ì ¼

æ ö
£ ¼ç ÷

è ø

Proof : For every f L¥Î  and any subset 2{ , . }, ni i¼ Ì {1, , },n¼  we compute
2

2 3 2, , , , ! .i i in i inf A A A n f A Ac c c c c
¥ ¥ ¥ ¥

¼¼ £ ¼

By Theorem 2.1 , we get

2

2
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2
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2
2
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sup , , ,
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n

n
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c c

c c

*
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¥ ¥ ¥¼ Ì ¼

= ¼

æ ö
£ ¼ç ÷

è ø

To prove the reverse inequality, we obtain

1

1 1 1

1

1

( (
, , sup sup ( )

) )
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n
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x X x X

n n n

A x A x
f A A f x

A x A x

c c
c c

c c
¥ ¥ Î Î

¼ = ¼
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

By Minkowski’s inequality, we have
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therefore, see that and by auxiliary theorem 1.4, we get 

1 2 1 2, , , (2 1) , , ,n nn f A A A n A f A Ac c c c c c
¥¥ ¥ ¥

¼ £ - ¼ +¼+

1 1(2 1) , , ,n nn A f A Ac c c -¥ ¥
- ¼ Þ

2

2 2
{ , , } {1, , }

, , , sup , , ,
n

n i in
i i n

f A A f A A fc c c c
*

¥ ¥ ¥¼ Ì ¼
¼ £ ¼ =

2

2 1 2
{ , , { ,} 1, }

, , , sup , , , ,
n

n i in
i i n

f A A f A A fc c c c
*

- ¥ ¥ ¥¼ Ì ¼
¼ £ ¼ = so we get

1 2 1 2, , ., (2 1)

.

)(n nn f A A A n A A A

f

c c c c c c¥ ¥ ¥ ¥ ¥

*

¥

¼ £ - + +¼+

Remark 3.3 : Theorem 3.2 help us in special that .
¥

is controlled by . .*
¥

So thus we in fact necessity to solve Auxiliary theorem 3.1.

Solution of auxiliary theorem 3.2 : Suppose that a sequence of functions ( )k x  
converges to L¥Î in n norm ., ., .

¥
¼  With respect to 1{ , , },nA Ac c¼  define 

.
*

¥
 as before. Then, since

2 3

1 3

lim

l

( ) , , , , 0,

( ) , , , , 0,im
k k n

k k n

x A A A

x A A A

c c c

c c c
®¥ ¥

®¥ ¥

- ¼ =

- ¼ =

 

 

and 1 2 1( ) , ,l 0,m , ,i k k nx A A Ac c c®¥ - ¥- ¼ =   we have lim®¥ ( )k x
*

¥
- 

0,=  that is a sequence of functions ( )k x  in .
*

¥
 converges to several .L¥Î  

A norm .
¥

 is grabbed by the norm . ,
*

¥
 and so we conclude that ( )k x  also 

converse to  in . .
*

¥
 Theorem 2.1. shows the second side.

Theorem 3.4 : The n  normed space ( , ., , . )L¥ ¥
¼  is a complete space.

Proof : Suppose a ( )k x  be Cauchy sequence of functions L¥Î  in the n
norm ., ., .

¥
¼  consequently, by Auxiliary theorem 3.1 a sequence ( )k x  

is Cauchy sequence of functions with reference to the standard norm . .
¥

 
The space L¥  is complete in the norm . ,

¥
 so that a sequence of functions 

( )k x  converges to several L¥Î in the norm . .
¥

 By the second part of 
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Auxiliary theorem 3.1, a sequence of functions ( )k x  converges to  in 
., ., .

¥
¼  Hence the n  normed space ( , ., , . )L¥ ¥

¼  is a complete space.

Corollary 3.5: The space ( )( , ).XL
*

¥ ¥
 is complete Banach space. We’ll employ 

“derived norm” to show the following “contractive mapping” in the n normed 
space ( ., .. ).., .L¥ ¥

Theorem 3.6 (Contractive Mapping) : Let S be a mapping :S L L¥ ¥® which 
is contractive with respect to characteristic function 1{ , }, nA Ac c¼  in ( ),L X¥  
and some constant (0,1)CÎ  such that the inequality 

2 2, , , , , ,i in i inSf Sf A A C f f A Ac c c c
¥ ¥

- ¼ £ ¼¢-¢

Satisfy for all , ,f f ¢  in L¥  and 2 }{ , , {1, , }.ni i n¼ Ì ¼  Then the mapping S 
has only one fixed point belong to .L¥

Proof : For every ,,f f L¥
¢Î  so we get

2

2

2
{ , , {1, , }

2
{

}

, , {1, ,} }

sup , , ,

sup , , , .

n

n

i in
i i n

i in
i i n

Sf Sf Sf Sf A A

C Sf Sf A A C f f

c c

c c

*

¥ ¥¼ Ì ¼

*

¥ ¥¼ Ì ¼

- = - ¼

æ ö

¢ ¢

£ - ¼ = -
ø

¢ç
è

¢ ÷

and by Corollary 3.5 SÞ is contractive depend to . .
*

¥
SÞ  contained one fixed point belong to .L¥  

4.  Conclusion

We can communicate the several properties of n-norm space of L¥  to 
derived norm valent to its standard norm of L¥  such as convergence and 
fixed-point theorems.
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