Journal of

Interdisciplinary
Mathematics

Taylor & Francis
Taylor & Francis Group

Journal of Interdisciplinary Mathematics

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/tjim20

Shape preserving approximation for unbounded
multivariate functions

Mayada Ali Kareem, Rehab Amer Kamel & Ahmed Hadi Hussain

To cite this article: Mayada Ali Kareem, Rehab Amer Kamel & Ahmed Hadi Hussain (2022)
Shape preserving approximation for unbounded multivariate functions, Journal of Interdisciplinary
Mathematics, 25:6, 1813-1822, DOI: 10.1080/09720502.2022.2052571

To link to this article: https://doi.org/10.1080/09720502.2022.2052571

@ Published online: 26 Sep 2022.

\]
CA/ Submit your article to this journal

A
& View related articles &'

P

@ View Crossmark data (&

CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=tjim20


https://www.tandfonline.com/action/journalInformation?journalCode=tjim20
https://www.tandfonline.com/loi/tjim20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/09720502.2022.2052571
https://doi.org/10.1080/09720502.2022.2052571
https://www.tandfonline.com/action/authorSubmission?journalCode=tjim20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=tjim20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/09720502.2022.2052571
https://www.tandfonline.com/doi/mlt/10.1080/09720502.2022.2052571
http://crossmark.crossref.org/dialog/?doi=10.1080/09720502.2022.2052571&domain=pdf&date_stamp=2022-09-26
http://crossmark.crossref.org/dialog/?doi=10.1080/09720502.2022.2052571&domain=pdf&date_stamp=2022-09-26

Taylor & Francis

Taylor & Francis Group

Journal of Interdisciplinary Mathematics e
ISSN: 0972-0502 (Print), ISSN: 2169-012X (Online)

Vol. 25 (2022), No. 6, pp. 1813-1822

DOI : 10.1080/09720502.2022.2052571

Shape preserving approximation for unbounded multivariate
functions

Mayada Ali Kareem *

Rehab Amer Kamel '

Department of Mathematics

College of Education For Pure Sciences
University of Babylon

Iraq

Ahmed Hadi Hussain *

Department of Automobile Engineering
College of Engineering Al-Musayab
University of Babylon

Iraq

Abstract

The purpose of this research is to present a new method for creating polynomials and
spline approximation to unbounded multivariate functions in L, ,([-1,1") using ordinary
modulus of smoothness, Sendov-Popov modulus and Ditzian-Totik modulus.
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1. Introduction

Let L, ,[-1, 1" be a set of measurable multivariate functions on
[<1,1]F, 1< P < oo, where

1A 1, (1 dh 2 e ) Pty ) P < O

o s (L)

§ E-mail: pure.meyada.ali@uobabylon.edu.iqg
" E-mail: pure.rehab.amer@uobabylon.edu.iq
* E-mail: met .ahmed.hadi@uobabylon.edu.iq (Corresponding Author)

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://www.tandfonline.com
mailto:pure.meyada.ali@uobabylon.edu.iq
mailto:pure.rehab.amer@uobabylon.edu.iq
mailto:met.ahmed.hadi@uobabylon.edu.iq
dx.doi.org/10.1080/09720502.2022.2052571

1814 M. A. KAREEM, R. A. KAMEL AND A. H. HUSSAIN

W(B,(t,,...,t;))be a set of all weighted multivariate functions

A (tl - /tI )
B(ty,....tr)
multivariate weight function L, [-1,1]", 1< P <o be the space of all
unbounded multivariate functions which satisfies the following rule

1
P
[V T (Jl i dl...dtzr«w. @

In this research, we need to define our modulus of smoothness as
follows

on[-1,1]*, where SN, NeR"and B:[-1,1]" >R be a

Alty,.. ,tz)
Bty ty)

w,4,0 )LM (1f) = Osgl}z AL, (¢, L, p(11F) (3)
(=1,...,T
is the multi nth modulus smoothness of 4 € L, ([-1, 1]"), where
A4 (L, 1))
VA
([ J( )" ) At +ih,,... bt +ih,)  iftt+ihe[-1,1] @)
) i=0 7

0 otherwise

is the multi nth difference ofA, such that t=(t,...,t;) and t+ih=
(t, +in,,..., t, +ih,). Andfor A € ]LP/B([—l, 1]%), we denoted the following
sendov-popov modulus of multi nth order

7,(2,0) =llo, Gt (5)

Ly 5(-1,11")

Also, we defined the following multinth order Ditzian-Totik modulus
in the L, ,([-1,1")

WL, =SB 8Lt ®)
P,B . 0<h, <0, P, B .
=1,..., A
whereg (t,) = ﬂ ,t,e[-1,1], oo, L. Let D ={(a,,...,a,;

Sa,,..a,)a,=-1<a,<...< aw <a,, =1, r20and A’(D,)be the
collection of all multivariate functions A, where (-1)74 (t,,...,t;) 20

‘v’te[aﬂ,a X... X [a 0<j<r.

1+1] jI’ajI+1]’

In other words, VA e A’(D,), 0<r<eothe signal will change at

the points in D _and with a positive approach to 1. If r = 0, this leads
to A° =A°(Dy) be the collection of all positive multivariate functions
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on [-1,1]". A multivariate function X is called copositive with4 if
Aty onty) X(E,.t,) 20, VE=(t,...,t,) e [-1,1].

Regarding the approximation, we are concerned to approximate a
multivariate functions using polynomials € P, of degree not exceeding m
and spline with less than m knots which are copositive with multivariate
function A, if ¥ = 0, in this case the approximation is also said to be
positive. VAe L, ([-1,1]%), suppose that

E,(1), iy, =infllZ =g, | 1a,€7,) 7)

Ly 5(-1,11%)

be the degree of best unconstraint approximation of unbounded multi-

variate function 4 using multi polynomial g, € 7, where q, has the fol-
lowing form

q,(t .. t)=(Cy +cy, +ootcy ) Fe (b +o o+t )+
+c, (H"+...+t)).

And we denote by E¥(4,D, ),
=inf{||4 —q, |l

».5(~1117)
. 0

Ly st I € B NAYD)) (8)

is the degree of copositive approximation of multivariate function4 € L,

([-1,11), specifically E;’(1) =

p, 5([-1117)
EV@,D)  =inf{||4 ~q, | 14, € B, NAY )

Ly g(I-111" Ly ([-111"

be the degree of the best copositive approximation using multipolynomial

q, € P,. Many researchers have studied this topic such as [1,2,3,5,6].

2. Notation and The Main Theorems

Suppose that -l1=a,<a, <a,<.. <a, 6  <a, =1,.,-1
=a,, <a, <a,, <...<a_, <a_ =1, is the divider of [-1,1]" and n > 0
be an integer. Also, we define a support knots for thatby a,, =-1+iAa,,
i=—k+1,...,-1, and a,=1-(i-n)Aa,  ,i=n+l, n+2,..., n+k-1

Let J=[a,,a, 1% .x[a 0,1 I=[a, a,,]x. xa;,,a;.]
Let’s denote S = {au}f:_kk’jl, AS  =max{Aa,}, (=1,..,7. Then
L _ _ Gk~ v _ (@1 Bipgk-1)
Vi= k+1,...,n—-1 we have bif_T’ a, =

o - (A =080k =0) T |« b1« by
bil,—mef, and = =0y T X...X



1816 M. A. KAREEM, R. A. KAMEL AND A. H. HUSSAIN

[afz —%,a; +b’21} Also, we will define the operator S for all e L, ,

(-L1F) by SA) =X (A, Q, +A,Q, +...+ A Q. ), where Q,(t)
=Q, O=Q@, (a,,...,a;) .., (@, ) ‘amk)) on (a,,...,a,),
o8 0, -o 0, ) standardized so that ¥*Q =1.

Now, through the following theorems we present the results of this
research:

Theorem 2.1 : Let Ae L, , ([-1, 11%), 1< P <eo. Then there exists a spline
Y =8 (A) of degree m on the knots sequence S, satisfies

0
Em (1 ’ Dr )]L.p,zs([*lfl]z) < Ak’Iwz(l ’6 )L'P,B([fl’l]z) (10)

such that 6, = I(EE} la,,,—a, | and A, isa constant depends on k and .
Proof : Using Holder’s inequality, we obtain |[A,...A  |< (Zje[-l,ul (A,
Q4+ A0+ +ALQ)) <(Siipl Ay AL (Seiarl @

Q, |’ )H. Since, X492, =1 and '|._+: Qﬂdtk =b;,, we conclude that

e

A A ISANANL, 1)
By [4], we get
P >
— 1 1 S(}'I(tll“'ltI))
ISEIN, oy = | Lo Lo ] dtyodty
1
i P P
_ J‘l J‘l YA QA Qpt. +A ;7 Q1) dt. . dt
1) B(ty,...tr) L
1
i P \P
< Al [ At ) g g
-1 71‘ B(ty,...t7) 1 T
<AL, oy (12)

Let g is the best approximation to multivariate function on[-1,1],
this leads to that g; is the best approximation on all I =[-1,1]" and using
[7], we get

”}L - gj || H‘P,B([_l'l]z>s sz (A’ /6 )]Lp'B([—l,l]Z) (13)
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By virtue of (11), (12) and (13) we get
)
E, @, ) (=111

<A -yl L SAA=SA) o
L, s (-11F) L, s (-11)

1
P P
1 LI, ot ) =27 (et )| (L
n, [;1...11 St J'ldtl...dtzj
1

[j J ‘gz tlr /tI) S (tll St ‘ dt ]7?
B(t,....tz) |

« P P

8087ty et~

Stl-217)
SANA@,R,0), o+ [ ] tl)f dt,..dt,

1)

FA,(00), o SA,(R,0)

>
(/1 (3) Ly 4 (1) +A [J‘ J. ‘l(tl t(I) i (.. tl’) dt dtz]

<SAw,(4,0)

Lp 5 (-1,11) Ly 5 (-1117)"

Therefore (10) is verified.

Theorem 2.2 : Let D ={(a,,...,a,), (a,,...,a,,), ...,(a,,...,a )}, if
Ae LP/B ([_1/1]1)/ 1SP<°°, then

E°%,D) < A0’ (1,0) (14)

Ly 5(-1,11) Ly 5(-117)"

where §, =min |a

0<i<r

v =8, |, and A is a constant.

Proof : Suppose that for all multivariate functions A € L, , ([-1,1]")
NA%(D,), then (14) is true, using [5], there is spline n € A’(D,) with
knots {aﬂ};”:O satisfying (13). Let G(t,,...,t;)=n(t,,...,.t;) a(t,—a,, ...,
t,—a,), therefore G(t,...,t;)e L, , ([-1,1]") NA*(D,) and using the
assumption, thereisy € P, NA° (D._,), where

[ _(1 1
0G0 0 e SAOTRE), € =[] )

n
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We have H (t,....t;))=vy (t,...,t;)q,a,,...,a,) (t,...,t;)), such
that q ((a,,,...,a,,), (t,...,t,;)) a multipolynomial that is copositive with
n(t,-a,,.. t,—a_), Obviously, M (t,...,t;)e P, NA (D).

We want to estimate ||G—"H, || Ly 5 (L) and [|[A -H || Ly (L) Using
(15), we get
NG-H, I Ly 5 (-11F)
1
P
— J] J] g(tlxu-rtz)—Hm(ﬁr---/fz)‘ dt dt i
a7 B(ty,...t1) ‘ LR
. 1
N (ty,otr)a (h—apy .tz —apr )9 (b tg) "
— J] J'] G ((p1,0r7), (b, 7)) dt. ... dt
A B(t,..t7) |
P -
1 (b tr)a (=apy ..tz —apr)—n (b, t7)
1 1
< qm((arlrmlai’l )/(tlrm/tl' ))
< L'"L\ T ..t
» 1
n (tlr”'rtl)qm (( Ar1sesQrz )r(tll'”rtI ))_wm (tllmrtl') "
1 1
qm((al’lr”'/ai’l )/(tll'“/tl' ))
+ L"'L\ s | dt, ...dt,
<Z
P 3
7 (k) (ap1 e s8p ), (b2 ) (b e tg)
1 1
G ((@p1,--0r7), (bt 1))
+ e vee
L L\ Bty ,...tr) | dt,...dt,
Where
» 1
1 (b tr)a (b—apy,.. otz =apr) = (b, 0t7)
1 1
— G ((@r1,-8r7), (F1e k7))
Z L"'L\ T | dt, ...t

Using [6] and the properties of Ditzian-Totik modulus, we get
Z<Aw?(G,C )IL )’ Therefore,

_ < 9 0
NG-=H, Il Ly (S Aw?(G,8 )Lm (o TA 01,8 )L?,B([_M]z),
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. P <? —
since  0707,8), oy SONGL), apyy then NG-HL

14
<Al (G,C )Lp,3<[—1,111)' And
1
(bt ) =G ltLty)| B
J— 1/ T 17 r
A -H, ||Lm([_1,1] 1 Bl t) | dt,...dt,

1
V2

-[ ‘g(tll rtI ,Hm t1,.. /tl)‘ dt

-1 B(ty,..t7) \

SA@IGE), e FAIGE),

s

; » <m? ?
since w’(G,¢ )LP’B(HH,) <o’ (/I,C) Y thus |4 —H, Il ol <A
A . Therefor
*.,€ )LP/B([_M]I) erefore
(0) < _
E, (LDT)LP'B(HHI) <l A-y, ||Lp/B(H,1]I)

1

1 1 ‘j’ (tl /'-'ItI )_,Hm(tl /-"ltl)‘P i
< [fljl e dt, ...dt,
N J-1 J-l Hm(ty-~rfz)—g(t1f---ft1)Pdt dt ¥
g )a B(ty,...t1) 1z

1

7

P
J] g(tl e -/tI)_lp m (t1,~ . -rtI) dt dt
-] Bty t7) 1---dty .

+
TN
[

SAw[(L), +Aw’(G,0) Ay (@4,8),

(11T ILP,B(H,HZ) s (“L17)

<A (4,8 )ILP,EG—LHI)' Thus (14) is proved.

Theorem 2.3 : Let A € L, ,([-1, 11°) NA(D,), 1< P < oo, change its positivity
finitely many times, say n, at -l=a,<a,<..<a <a  =1..,-1

1
=a,, <a,<..<a_ ,<a_ . =1 and 9, —m1r1|a —al.f|,5/,>;, then

0<i<r il+1
there is a quadratic spline vy with nth knots which copositive with A and
satisfies

EVGD), () SAT4,0), (16)

(11 Ly 5 (-111)
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Proof : Let ‘EZ:%’ =[F, F <. x[F, F,. | if F,<a, <F,,

there is a sign change in a,, from A, 1<i<n. Ineach of sultablhty, there
isone a, forall 0, > l, correspondingly , let fw =-1and [ = 2m,

nl+1

such that I < I +2<1 0 <i<n, whichisthe middle of L, and I

it+1’ L
for all 0<i<n there is at least one period I which is uncontammated

, and A does not change its sign at the rmddle of Ii and I, . If

if+1

fim > I ,+2, there are at least 2 uncontaminated penods in the middle

of I and I, . Wehave A and V) two multi-polynomials such that
V<A (A,...,F) <A, FelF,, F

1 %...X[FE and

i1+2 iz’ zI+2]

1
7

F F i i
1142 742 Ai(tl,,,,,tl)—Vl-(tl,H.,tI)‘
R (L jf R dtl...dtz]

SAT3(A /C )H“P,B([_l'llz), C =( j te [f;lff1+2] X...X [ T

] and A is

zI+2

a copositive with 4 greater than or equaltoOand ) isa copositive with

A less than or equal to 0 and || A -4 I, (1) <INA-=-VI
P,B ’

12 =1 <SUA=YIL ey

Using interpolation on [}'1 vF LI} X FL L Fr L)
multi-polynomial locally and use multi-polynomial Q, , its copositive
with A on [F _,F ] X..X[F, , F,,]l we take the 1nterpolat1on of
A on [F, _,F X .x[F, ,F,.,]. As for the rate of approximation ,
we will take two multipolynomials .A and V b such thatV (t wty)
<At )<AH(t b)) telF L, 1+2]>< X Frnl

Because

J‘f’hz J‘flﬁz Ai'fl (t tl) QI tI)‘ dt dt i
P ‘ B(ty,...tr ) ‘ g

Ly 5(-1117)”
Ly 5([-1117)

we make a

]

iT

Fire };1+2‘Ai’.71(t1/- A1) W, (b tI)‘ I’
s[jf - | Bt . dtIJ

il iT

<Er,(4,0) telF 1x.. x[F.

Ly g ([-1,11%)” il ’ i1+2 iT’ zI+2]

Hence,

1
P

[JFM _[FmMtl,m/tl)_gii’l(tll.”’tz)‘pdt gt ]<
Leedt, | <

Fa Fir ‘ B(tlf---rtl') ‘
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1

P \P

Fire Firna |A (bt = Af » (t1,...,t1)‘

| By | dtedt |
il iT 1reesbT

P \P
Jf jf Ar (et (Bt dt dte. | <
o), Bltrrts) ‘ ,---at; <
i1 i 1reeetT
1
a
J'fmz J‘fmz At otz »=Ar, (e ,tz)‘ dt dt n
Fa Fz B(tlr /tl') 1
» 1
a
J'};Hz J‘};ﬂz Aix‘—l (tl s )_WH (tl = ~rtI)‘ dt dt <
e p---at; <
Fa Fir B(tlr-u/tl')

(4,8 W, s TAF s(4.8), L S
740D, ary

Thus, we obtain local multipolynomials that have an estimated
degree of 3 and are copositive with A. At the same time, we superimpose
them to obtain an approximation of nth spline y with a similar degree
of estimation. If ] =[a,,a, . IX...X[a,,a,, ] is uncontaminated period,
then X =[-1,1]" must also be uncontaminated. In addition, Y, is also
copositive with 4 and

1
Firea Faea A (¢ ool Q. (t1,...,t "
1A -y | < J‘ J‘ (t-- -t )=ty I)‘ dt, .
Lp, 5 (=1117) Fa Fir B(ty,....tr) ‘
1
Fira Fizsa Q;(t tr ) (¢ t )‘ P
[ AWl g d,
Fa Fiz B(tll /tZ) ‘
<
SATEE), o AL,
= Asrs(’1 'é )]LP’B([—L]]I)'

Hence, E(O)(/l ) AF) <Ar,(4,0)

Ly 5(-1117)"

3. Conclusion

In this paper, we deal with copositive spline approximation of
unbounded multivariate functions using a second — order smoothness
modulus for 1< 7P <ee. We also showed that it is easy to get the Ditzian-
Totik modulus, therefore belongs to the degree of copositive polynomials
approximation of unbounded multivariate functions. Finally, we construct
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the inequality in terms Sendov-Popov modulus of copositive spline
approximation to € L, ,([-1,1]").

References

[1] A.A.Auad and A. M. FAL. Jumaili,” On Co-Positive Approximation
of Unbounded Functions in Weighted Spaces,” IJAER., 21, pp. 11392-
11396,(2017).

[2] E. S. Bhaya and M. A. Kareem,” Positivity Preserving
-Multiapproximation,” AJSIR.,6, pp, 367- 375, (2012).

[3] G. A. Dzybenko and ]. Gilewiez,” Co-positive approximation of
periodic functions,” Acta. Math. Hunger, 4, pp, 301-314, (2008).

[4] R. A. Devore, and G. G. Lorentz,”Constructive approximation,”
Springer-Verlage, Berline, (1993).

[5] Y. K. Hu, K. Kopotun and X. M. Yu,” On positive and co-positive
polynomial and spline approximationin L,[~1,1] ,0 <P <o, ” Journal
approximation theory., 96, pp, 320-334, (1996).

[6] K. A. Kopotun,” oncopositive approximation by algebraic
polynomial,” Anal. Math., 21, pp, 269-283, (1995).

[7] A.D. Ronald, and A. Popov,”Interpolation of Besove spaces,” Amer.
Math. Soci., 305(1), (1988).

[8] Shubham Sharma & Ahmed J]. Obaid (2020) Mathematical
modelling, analysis and design of fuzzy logic controller for
the control of ventilation systems using MATLAB fuzzy logic
toolbox, Journal of Interdisciplinary Mathematics, 23:4, 843-849, DOI:
10.1080/09720502.2020.1727611.

[9] G. S. David Sam Jayakumar & A. Solairaju (2014) A New
Generalisation of Sam-Solai’s Multivariate Additive Uniform
Distribution, Journal of Interdisciplinary Mathematics, 17:5-6, 435-450,
DOI: 10.1080/09720502.2014.937578.

[10] Stefan M. Stefanov (2007) Applications of convex separable
unconstrained nonsmooth optimization to numerical approximation

with respect to 11 - and le-norms, Journal of Interdisciplinary
Mathematics, 10:6, 767-788, DOI: 10.1080/09720502.2007.10700532.

Received October, 2021
Revised December, 2021



