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Abstract
The purpose of this research is to present a new method for creating polynomials and 

spline approximation to unbounded multivariate functions in , ([ 1,1] )- 
  using ordinary 

modulus of smoothness, Sendov-Popov modulus and Ditzian-Totik modulus.
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1.  Introduction

Let , [ 1,1]- 
   be a set of measurable multivariate functions on 

[ ,1,1]-  £ < ¥1 ,  where  
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¼1( , ( , , ))t t  be a set of all weighted multivariate functions 
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multivariate weight function , , ,[ 1 1]- 
  £ < ¥1  be the space of all 

unbounded multivariate functions which satisfies the following rule 
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In this research, we need to define our modulus of smoothness as 
follows 
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is the multi nth modulus smoothness of l Î -, ([ 1,1 ,] )
   where 
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is the multi nth difference of l ,  such that  = ¼1( , , )t t t and + =t i
+ ¼1 1( , ,t i +  ).t i   And for l Î -, ([ 1,1] ,)

   we denoted the following 
sendov-popov modulus of multi nth order  
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Also, we defined the following multinth order Ditzian-Totik modulus 
in the -, ([ 1] )1, 

 
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
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¼ ¼1, ( , , )r ra a  = - <

 0 1: 1a a <¼<
ra +< =

 1 1},ra ³ 0r and D0 ( )r be the 
collection of all multivariate functions ,l where l--( 1)r j

1 )( , ,t t¼  ³ 0
+" Î 1 1 1 [ , ]j jt a a ´¼´ +1[ , ,]j ja a  £ <0 .j r

In other words, l" Î D0 ( ),r £ < ¥0 r the signal will change at 
the points in r and with a positive approach to 1. If r = 0, this leads 
to D = D0 0 ( )r  be the collection of all positive multivariate functions 
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on -[ 1,1] .  A multivariate function À  is called copositive with l  if 
l ¼1 )( , ,t t À ¼1 )( , ,t t ³ 0, " = t ¼1 )( , ,t t Î -[ 1,1] .

Regarding the approximation, we are concerned to approximate a  
multivariate functions using polynomials Îm  of degree not exceeding m 
and spline with less than m knots which are copositive with multivariate 
function l ,  if r = 0,  in this case the approximation is  also said to be  
positive. l" Î ,    [ 1,1( )] ,- 

 suppose that 
l l
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be the degree of the best copositive approximation using multipolynomial 

Î .m mq   Many researchers have studied this topic such as [1,2,3,5,6].

2.  Notation and The Main Theorems 

Suppose that - = <01 111 a a  < <¼21a  -< <1 1 1n na a  = ¼ -1 , , 1
= <0 1a a  < <¼2a  -< 1na  < = 1,na  is the divider of -[ 1,1]

 and n > 0 
be an integer. Also, we define a support knots for that by = - +
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   Also, we will define the operator S for all ,l Î 

([ 1, )1]-  by ( )l 1
1 1(n

i k i
-

=- += Lå 1 2 2i i iW + L W +¼+ ,)i iL W  where ( )i tW

,i k= W ( ) ( ,t t= W 1( , ,i ¼a ),ia  ,¼ 1( ,i k+a ,¼ ))i k+a   on 1( , ,)( ,i i¼a a 

1 1, ,i +¼ a 1 ), i +¼ a   standardized so that   i k
i i
+ Wå



1.=
Now, through the following theorems we present the results of this 

research:
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Let  ig*  is the best approximation to multivariate function on[ ,1,1]-   
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By virtue of (11), (12) and (13) we get 

,

, ,

(0)
([ 1,1]

([ 1,1] ([ 1,1]

1

1 1 1
1 1

1 11 1 11

1 1
1 1

11 1 1

)

) )

( , , ( , ,
( , ,

( , , ( , ( , ,
(

) )
)

)
, ,

))
)

( ,

( )

dt dt

dt dt

)m r

i

t t g t ti
t t

g t t t t
t t

E

l

l

l

l y l l

-

- -

*

- - -

*

- -

¼ - ¼
¼

¼ - ¼
¼

£ - £ L -

ì
æ öï£L ¼ ¼ç ÷íç ÷ïè ø

î

æ ö
+ ¼ ¼ç ÷çè ø

ò ò ò

ò ò

   


 

 
   

 
 





 











 





,

,

1

1

1
1 1

1
1 2 2 1([ 1,1] 1 1 1

1 1

)

1 1
2 1([ 1,1] 13 3) 1 1

))
)

( , ( , ,
( , ( , ,
( , ,

( , , ( , ,
( ,

)

) )
),

)( , ) dt dt

( , ) dt dt

i

i

g t t
t t

t t

t t g t t
t t

l

l

w l d

w l d

*

- - -

*

- - -

¼ -
¼

¼

¼ - ¼
¼

ü
ï
ý÷ ï
þ

ì ü
æ öï ïç ÷ï ïç ÷£L L + ¼ ¼í ý
ç ÷ï ïç ÷ï ïè ø

î þ

æ
£ L +L ¼ ¼ççè

ò ò

ò ò


 


 



 








 















, , ,) ) )

1

4 2 5 2 6 2([ 1,1] ([ 1,1] ([ 1,1]
( , ) ( , ) ( , ) .w l d w l d w l d

- - -

ö
÷÷ø

£ L + L £ L  
     



  

Therefore (10) is verified.

Theorem  2.2 : Let 11 1{( , ), ,r = ¼a a  21 2( , , ,)¼a a  1, ( , , )},r r¼ ¼a a   if 
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We have 1( , , )m t t¼ = 1( , ),m t ty ¼  1(( , , ),m r r¼q a a  1( , , )),t t¼   such 
that 1(( , , ),m r r¼q a a  1( , , ))t t¼   a multipolynomial that is copositive with
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Proof : Let  ,i
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Thus, we obtain local multipolynomials that have an estimated 
degree of 3 and are copositive with l. At the same time, we superimpose 
them to obtain an approximation of nth spline y  with a similar degree 
of estimation. If 1 1 1 1[ , , ][]i i i iJ + += ´¼´a a a a   is uncontaminated period, 
then  [ 1,1]X = -   must also be uncontaminated. In addition, iy  is also 
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3.  Conclusion

In this paper, we deal with copositive spline approximation of 
unbounded multivariate functions using a second – order smoothness 
modulus for £ £ ¥ 1 , . We also showed that it is easy to get the Ditzian-
Totik modulus, therefore belongs to the degree of copositive polynomials 
approximation of unbounded multivariate functions. Finally, we construct 
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the inequality in terms Sendov-Popov modulus of copositive spline 
approximation to l Î -, ([ 1,1 .] )
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