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Inelastic electron scattering form factors for fp-shell nuclei 42Ca, 44Ca, 46Ti,
48Ti, 50Cr and 54Fe are investigated taking into account higher energy configurations
outside the fp-shell. Higher energy configurations, which are called core polarization
(CP) effects, are included through a microscopic theory that includes excitations from
the core 1s-1p, 2s-1d orbits and also from 2p-1f shell to the higher allowed orbits with
6~ω excitations. The calculations are performed in the FP model space by employing
GXPF1 and FPD6 effective interactions while the core polarization are calculated with
Skyrme-Hartree Fock (Skx) and harmonic oscillator (HO) as residual interactions. The
predicated total form factors are compared with the available experimental data and
it is shown that the inclusion of the higher excited configuration are very essential in
both the transition strength and momentum transfer dependence to obtain reasonable
description of the data with no adjustable parameters.

Key words: fp-shell nuclei (e,é), form factors, shell model, calculated first-order
core polarization effects.

PACS: 25.30.Dh; 21.60.Cs; 27.40.+z.

1. INTRODUCTION

Nuclear structure models can be successfully tested by comparing the calcu-
lated and measured electron scattering form factors [1]. The success of such a model
reveals a valuable information about the charge and current distributions of nuclei.
We recently used this microscopic calculation [2] in order to study the CP effects on
the C2 longitudinal form factors of 10B. Inelastic electron scattering from factors for
the excitation of the 2+ states in the 1f7/2 nuclei are successfully described in terms
of the shell model within the fn

7/2+ fn−1
7/2 p3/2 configurations and with the effective

interactions [3]. Radhi et al. [4–8] have successfully proved that the inclusion of
CP effects in the p-shell and sd-shell are very essential to improve the calculations
of the form factors. The form factors for the inelastic electron scattering to 2+, 4+

and 6+ states in 46,48,50Ti, 50,52,54Cr and 54,56Fe are studied in the framework of
the projected Hartree-Fock model which gave a reasonably good agreement with the
experimental form factors using constant effective charges with no adjustable para-
meters for the calculations of the form factors [9]. Lightbody, Jr. et al. [10] measured
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the elastic and inelastic scattering cross sections for 50,52,54Cr at momentum trans-
fers between 0.5 and 2.6 fm−1 along with the comparison between the experimental
charge distributions and density dependent Hartree-Fock-Bogolyubov calculations.

The aim of the present work is to study the effect of core polarization on the
calculations of C2 and C4 form factors for some selected states for 42Ca, 44Ca,
46Ti, 48Ti, 50Cr and 54Fe. The core is taken at 40Ca for 42Ca, 44Ca, 46Ti, 48Ti and
50Cr, while 48Ca are taken for 54Fe in the framework of the the fp-shell model. The
one body density matrix (OBDM) element used in the present work are calculated
by adopting the effective interactions GXPF1 [11] for 42Ca, 44Ca, 46Ti, FPD6 [12]
effective interaction is for 48Ti,48Ca, 50Cr and HO [13] for 54Fe, by generating the
wave functions of a given transition in the known nuclei using the modified version of
shell model code Oxbash [14]. Higher-energy configurations are included as a first-
order core polarization through a microscopic theory which combines shell model
wave functions and highly excited states. Transitions from the core 1s-1p, 2s-1d
orbits and also from 2p-1f orbits to all the higher allowed orbits with excitations up
to 6~ω are taking into account. The form factors are calculated without introducing
any state dependent parameters such as effective charges, which were introduced in
the previous work of authors in this mass region. The CP calculation are performed
with Skyrme-Hartree-Fock [15] and harmonic oscillator (HO) potentials as residual
interactions. The single-particle wave functions are those of the harmonic-oscillator
(HO) potential with size parameter b chosen to reproduce the measured root mean
square (rms) charge radii of these nuclei.

2. THEORY

In order to be able to include the CP effects on the form factors microscopically,
the shell model wave functions and higher order configurations are combined as first
order perturbations. The reduced matrix elements of the electron scattering operator
TΛ is expressed as the sum of the product of the elements of the one-body density
matrix (OBDM) χΛ

ΓfΓi
(α, β) times the single-particle matrix elements, and is given

by

〈Γf |||TΛ|||Γi〉=
∑
α,β

χΛ
ΓfΓi

(α,β)(α|||TΛ|||β), (1)

where α and β are the final and initial single-particle states for the model space.
For fp-shell nuclei, the orbits 1f7/2, 2p3/2, 1f5/2 and 2p1/2 define the model space.
The states | Γi〉 and | Γf 〉 are described by the model space wave functions. Greek
symbols are used to denote quantum numbers in coordinate space and isospace, i.e.
Γi ≡ JiTi, Γf ≡ JfTf and Λ= JT . According to the first-order perturbation theory,
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the single-particle matrix element is given by [17]

(α|||TΛ|||β) = 〈α|||TΛ|||β〉+ 〈α|||TΛ
Q

Ei−H0
Vres|||β〉

+〈α|||Vres
Q

Ef −H0
TΛ|||β〉.

(2)

The first term in Eq. (2) is the model space contribution and the second and third
terms are the CP contributions. The operator Q is the projection operator onto the
space outside the model space. For the residual interaction, Vres, we adopt the
Skx [15] and HO. Ei and Ef are the energies of the initial and final states, res-
pectively. The CP terms are written as [17]

∑
α1,α2,Γ

(−1)β+α2+Γ

eβ −eα−eα1 +eα2

(2Γ+1)

{
α β Λ
α2 α1 Γ

}
×
√

(1+ δα1α)(1+ δα2β)×〈αα1|Vres|βα2〉Γ×〈α2|||TΛ|||α1〉

+terms with α1 and α2 exchanged with an overall minus sign,

(3)

where the index α1 and α2 runs over particles states and e is the single-particle
energy. The CP parts are calculated by keeping the intermediate states up to the
2p1f -shells. The single-particle matrix element reduced in both spin and isospin is
written in terms of the single-particle matrix element reduced in spin only [17].

〈α2|||TΛ|||α1〉=
√

2T +1

2

∑
tz

IT (tz)〈α2||TΛ||α1〉 (4)

with

IT (tz) =

{
1, for T = 0,

(−1)1/2−tz , for T = 1,
(5)

where tz=1/2 for protons and -1/2 for neutrons. The reduced single-particle matrix
element of the Coulomb operator is given by [16]

〈α2||TΛ||α1〉=
∫ ∞

0
drr2 jJ(qr)〈α2||YJ ||α1〉Rn1`1 Rn2`2 (6)

where jJ(qr) is the spherical Bessel function and Rn`(r) is the single-particle radial
wave function. Electron scattering form factor involving angular momentum J and
momentum transfer q, between the initial and final nuclear shell model states of spin
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Ji,f and isospin Ti,f is [18]

|FJ(q)|2 =
4π

Z2(2Ji+1)

∣∣∣∣∣∣
∑
T=0,1

(
Tf T Ti

−Tz 0 Tz

)∣∣∣∣∣∣
2

×|〈α2|||TΛ|||α1〉|2 |Fc.m(q)|2 |Ff.s(q)|2
(7)

where Tz is the projection along the z-axis of the initial and final isospin states and
is given by Tz = (Z−N)/2. The nucleon finite-size (f.s) form factor is Ff.s(q) =
exp(−0.43q2/4) and Fc.m(q) = exp(q2b2/4A) is the correction for the lack of trans-
lational invariance in the shell model. A is the mass number, and b is the harmonic
oscillator size parameter. The total longitudinal (L) and transverse (T) form factors
are given by [16]

|FL(q)|2 =
∑
J≥0

|FL
J (q)|2 (8)

|F T (q)|2 =
∑
J>0

{
|FM

J (q)|2+ |FE
J (q)|2

}
(9)

The total form factor is the sum of the longitudinal and transverse terms [16]

|F (q)|2 = |FL(q)|2+
[
1
2 +tan2(θ/2)

]
|F T (q)|2 (10)

where θ is the electron scattering angle. The single-particle energies are calculated
according to [17].

enlj = (2n+ l−1/2)~ω+

{
−1

2(l+1)〈 f(r)〉nl, for j = l−1/2,
1
2 l〈 f(r)〉nl, for j = l+1/2,

(11)

with 〈 f(r)〉nl ≈ −20A−2/3 and ~ω = 45A−1/3− 25A−2/3. The electric transition
strength is given by [17]

B(CJ,k) =
Z2

4π

[
(2J +1)!!

kJ

]2
F 2
J (k) (12)

where k = Ex/~c.

3. RESULTS AND DISCUSSION

The CP effects are calculated with Skx [15] and HO as effective residual inter-
actions. The parameters of the Skx and HO are obtained from the fit to the binding
energies, rms charge radii, and single-particle energies. In all of the following dia-
grams (see figure 1), the dotted curve gives the results obtained using the fp-shell
model calculations without CP effects. The results with the inclusion of the CP ef-
fects are shown by the dashed curve with Skx as residual interaction and the solid
curve are those calculated with HO as residual interaction.
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3.1. 42Ca NUCLEUS (1.524 MeV, Jπ
f T = 2+1 1) STATE

The calculations for the C2 form factor with full fp-shell wave functions un-
derestimate the data for all q values and the diffractions minimum are shifted to the
right compared with the minimum of the measured data as shown by the (dotted
curve) in figure 1. The (fp+CP) with Skx describes the measured data very well up
to momentum transfer q ≤ 1.5fm−1 and start to deviate and overestimate the mea-
sured from factor at the second peak. The inclusion of the CP effects enhances the
calculations and brings the calculated total from factor near to the measured data and
shifts the diffraction minimum to the left, but still can not locate the diffraction min-
imum at its right location, as shown by the (solid curve) in figure 1. The results of
the calculation including the CP effects with Skx as residual interaction gives better
description of the form factor than with HO as residual interaction (solid curve) in
comparison with the data. The calculation of B(C2 ↑) with (fp) is found to be 250
e2fm4, while the inclusion of the CP effects with Skx as residual interaction predicts
the value of 409 e2fm4 in comparison with the measured value 420±30 e2fm4 [19]
which is more closer to the measured value than that calculated by [3] as displayed
in table 1.

3.2. 44Ca NUCLEUS (1.157 MeV, Jπ
f T = 2+1 2) and (2.283 MeV, Jπ

f T = 4+1 2) STATES

Figure 2 presents the calculation of the C2 form factor where the fp-shell
model calculation underestimate the experiment and the inclusion of the CP enhances
the calculations and brings the form factor to the experimental values in all momen-
tum transfer regions with HO as residual interaction, as shown by the (solid curve)
in figure 2. The result of the (fp+CP) calculations is shown by the (dashed curve)
where Skx is employed as residual interaction predicts the form factor for the first
maximum and starts to deviate in the second and third mamimum and overestimates
the measured form factor. The C4 form factor calculated with fp-shell model calcu-
lation underestimate the data at all momentum transfer regions and the locations of
the diffraction minimum are slightly displaced to higher q values in comparison to
those of the fp-shell model calculations as shown by the (dotted curve) in figure 3.
The (fp+Cp) for both Skx and HO as residual interactions are agrees reasonably for
the first and second maximum. The calculated B(C2 ↑) value is found to be equal
to 302.2 e2fm4 (without CP) and 494.4 e2fm4 (with CP) in comparison with the
measured value 470±20 e2fm4 [19] and previous theoretical value obtained by [3]
as appear in table 1.

3.3. 46Ti NUCLEUS (0.889 MeV, Jπ
f T = 2+1 1) STATE

Figure 4 shows the comparison of the calculated Coulomb C2 form factor
where the fp-shell model calculation underestimate the experimental data. There
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is a significant improvement in the form factors over the fp-shell model results when
the CP effects are taken into account with HO as residual interaction and enhances
the calculation by a factor of 7.5 and bring it near to the measured data to agrees
reasonably up to momentum transfer q ≤ 1.25fm−1, but it fails to describe the se-
cond maximum. The CP effects with Skx potential are in better agreement with the
experimental data than HO as residual interaction, but still underestimate the second
maximum in comparison with the measured from factor. fp-model space predicts
the value of B(C2 ↑) to be 366.3 e2fm4 which is underestimated the observed value
950±5 e2fm4 [19] about 22%, while the (fp+CP) predicts the value of 788.0 e2fm4

which is also underestimated the measured value about 17% with improvement of
5% over the fp calculations. The inclusion of the CP effects gives a good agreement
with the experiment and enhances the B(C2 ↑) by a factor of 2.15 over the fp-shell
model results and are in better agreement with the value calculated by [3] as tabulated
in table 1.

3.4. 48Ti NUCLEUS (0.983 MeV, Jπ
f T = 2+1 2) and (2.42 MeV, Jπ

f T = 2+2 2) STATES

According to the conventional fp-shell model, this nucleus is described taking
the core at 40Ca with eight valence nucleons distributed over (1f7/2, 2p3/2, 1f5/2
and 2p1/2). The C2 form factor for the Jπ

f T = 2+1 2 state at Ex=0.983 MeV cal-
culated with fp-shell model wave functions are unable to reproduce the data for all
momentum transfer regions (dotted curve) and the inclusion of the CP effects with
Skx potential enhance the calculations over the fp-shell model calculations but it
overestimates the data for the region of first maximum and underestimates the data
in the second region of maximum as shown if figure 5. The calculation of B(C2 ↑)
with (fp) is found to be 281.3 e2fm4, while with (fp+CP) with Skx is 766.9 e2fm4 in
comparison with the measured value 720±40 e2fm4 [19] as displayed in table 1. The
B(C2 ↑) calculated by [3] is 665.5 e2fm4 with underestimation by a factor of 1.08,
while our prediction with CP effects included overestimated the measured value by
a factor of 1.06. It is very clear that the fp-shell model fails to describe the data in
both the transition strength and the form factors.

Figure 6 presents the calculation for the Jπ
f T = 2+2 2 state at Ex=2.42 MeV.

Same comparison are made as in figure 1 and as we can see that the inclusion of
the CP effects with Skx as residual interaction gives a better agreement with the
experimental value up to momentum transfer q ≤ 1.375 fm−1. Our results agrees
with the previous work of [3] where they employed fn

7/2+ fn−1
7/2 p3/2 configuration

with cal(Ca-Sc) and cal(27-28) as residual interactions.
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3.5. 50Cr NUCLEUS (0.783 MeV, Jπ
f T = 2+1 1) and (2.924 MeV, Jπ

f T = 2+2 1) STATES

The core is considered at 40Ca with ten valence nucleons distributed over (1f7/2,
2p3/2, 1f5/2 and 2p1/2). The Coulomb C2 form factors for the 2+1 and 2+2 calcula-
tions are shown in figures 7 and 8 respectively. The fp-shell model calculations are
unable to reproduce the experimental form factors and the inclusion of the CP ef-
fects enhance the C2 form factors at the first and second maximum and bring the
calculated values very close to the experimental data. The locations of the diffraction
minimum are correctly reproduced. The B(C2 ↑) calculated with fp-shell model
is found to be 743.3 e2 fm4 in comparison with the measured value 1080± 6 e2

fm4 [19] along with the predicted value of 1283.0 e2 fm4 from the work of [3] where
the residual interaction used was cal(Ca-Sc). Our calculation for B(C2 ↑) when the
CP effects are included is in better agreement with the observed value than the value
calculated by [3] by a factor of 0.93 as displayed in table 1.

3.6. 54Fe NUCLEUS (1.408 MeV, Jπ
f T = 2+1 1) STATE

According to the configuration mixing shell model, 54Fe nucleus is considered
as an inert 48Ca core and six valence nucleons distributed over the (1f7/2, 2p3/2,
1f5/2 and 2p1/2) orbits. The fp-shell model calculations underestimate the mea-
sured data and the location of the minimum are slightly shifted towards high q val-
ues. When the CP effects are introduced the data are in excellent agreement with Skx
and with HO the first region of maximum are correctly reproduced while the second
region of maximum are underestimated. Our results are in better agreement with Skx
than those of [3] where their calculations by means of fn

7/2+fn−1
7/2 p3/2 configuration

with cal(27-28) are unable to reproduce the second maximum and the location of
the minimum are produced in the wrong location and shifted to the high q values.
The inclusion of the CP effects enhances the value predicted by fp-shell model cal-
culations, but it overestimated the measured value and it is found to be same order
of magnitude of the value predicated by [3] with cal(Ca-Sc) residual interaction as
tabulated in table 1.
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Table 1

Theoretical values of the reduced transition probabilities B(C2 ↑,k) (in units of e2fm4) and in com-

parison with experimental values and other theoretical calculations.

Nucleus Jπ
f Tf Ex(MeV) fp fp+CP Other Exp.

Skx [3] [19]
42Ca 2+1 1 1.524 250.0 409.0 395.0 420±30
44Ca 2+1 2 1.157 302.2 494.4 491.5 470±20
46Ti 2+1 1 0.889 366.3 788.0 649.5 950±5
48Ti 2+1 2 0.983 281.3 766.9 665.5 720±40
50Cr 2+1 1 0.783 734.3 1197.0 1283.0 1080±6
54Fe 2+1 1 1.408 431.5 902.0 915.5 620±5
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Fig. 1 – The Coulomb form factor of the quadrupole
transition 2+1 1 (1.524 MeV) in 42Ca. The data are
taken from [20].
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Fig. 2 – The Coulomb form factor of the quadrupole
transition 2+1 2 (1.157 MeV) in 44Ca. The data are
taken from [20].

RJP 59(Nos. 1-2), 95–105 (2014) (c) 2014-2014



9 The role of the core polarization on C2 and C4 form factors of fp-shell nuclei 103

0 1 2 3

q(fm-1)

10
-9

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

|F
(q
)|
2

44Ca
C4:2.283 MeV (41

+ 2)

Exp.

Skx (fp+CP)

fp

HO (fp+CP)

Fig. 3 – The Coulomb form factor of the hexade-
cupole transition 4+1 2 (2.283 MeV) in 44Ca. The
data are taken from [20].
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Fig. 4 – The Coulomb form factor of the quadrupole
transition 2+1 1 (0.889 MeV) in 46Ti. The data are
taken from [20].
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Fig. 5 – The Coulomb form factor of the quadrupole
transition 2+1 2 (0.983 MeV) in 48Ti. The data are
taken from [21] and [22].
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Fig. 6 – The Coulomb form factor of the quadrupole
transition 2+2 2 (2.42 MeV) in 48Ti. The data are
taken from [21] and [22].
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Fig. 7 – The Coulomb form factor of the
quadrupole transition 2+1 1 (0.783 MeV) in 50Cr.
The data are taken from [10].

0 0.5 1 1.5 2 2.5

q(fm-1)

10
-7

10
-6

10
-5

10
-4

10
-3

|F
(q
)|
2

50
Cr

C2: 2.924 MeV (22
+ 1)

Exp.

Skx (fp+CP)

fp

HO (fp+CP)

Fig. 8 – The Coulomb form factor of the
quadrupole transition 2+2 1 (2.924 MeV) in 50Cr.
The data are taken from [10].
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Fig. 9 – The Coulomb form factor of the
quadrupole transition 2+1 1 (1.408 MeV) in 54Fe.
The data are taken from [22].
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4. CONCLUSIONS

A conclusion were drawn that the inclusion of the CP effects are found to be
very essential in the calculations of the C2 and C4 form factors and gives remark-
ably good agreement over the fp-shell model calculations for the form factors and
the absolute strengths. The fp-shell models, are able to predicts the static properties
and energy levels of nuclei lies in the fp-shell region but it had shortfall in describing
the dynamic properties such as C2 transition rates and electron scattering form fac-
tors. The choice of Skx as residual effective interaction are more adequate than HO
for core polarization calculations. The inclusion of higher-excited configurations by
means of CP enhances the form factors and brings the theoretical results closer to the
experimental data. These calculations can be extended to cover the entire fp-shell
region depending on the availability of the experimental data, and also can be used
even for higher shells.
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