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Abstract: The concept main of paper is to connected between two definitions -open sets and -open sets in the topological 
spaces is called -open sets, study restudy relations them, also present a new definitions, namely -continous, -open 
functions, -closed functions and have proved some theorems about these concept. Finally, we have present the definitions and 
results of separation axioms by -open sets,namely spaces , spaces and studied some of its applications. 
 

INTRODUCTION 

The great role played and because is very important entered into all the topics of general topology of which continuity, 
separation axioms, connected,etc. The first to introduce the definition of generalized closed sets ( -closed) is Levine 
[12] in 1970. Dunham and N. Levine [9] in1980 gave a new results about the generalized closed sets, and studied some 
of the immovable of this new topology, to learn the characteristics of more recipes (see,[1], [7], [8]). In 1982 
Mashouretal. [14-15] introduced the concept of pre-open sets and pre-continuous in topological spaces. In 1986 
Andrijevic[2] used ideas pre-open, to define a new types of sets named  open sets and used it to offer a 
new kind of continuity. [11] Kar and Bhattacharyya introduce of weak separation axioms by notion -open sets, to 
learn more about pre-open sets (see [4], [6], [10]).Throughout our paper ( , ), ( , ) and ( , )(simply ,  and )stands for a topological space and no separation axioms. A subset  of ,  the interior and  the closure of  are 
symbol by ( ) and  ( ), respectively. In section 3 introduced a definition - closed sets and show some 
results. In section 4 stududied - open sets, showed some relationships [16-19]. In section 5 took some applications 
about - open in the continuity and separation axioms [20-22]. 

PRELIMINARIES 
 
Definition 2.1. Let (X, ) be a topological space and A X. Then 
(1) Ais pre-open [14] set if A Int(Cl(A)) . And pre-closed if Cl(Int(A)) A. 
(2) The -closure of  in  [7] is the intersection for any -closed containing  and is denoted by ( ) and the union 
of all -open sets contain in  [7] is called -interior and is denoted by ( ). Now we need the following notation 

 ( ) (resp. ( )) denotes the family of all -closed sets (resp. -open sets). 
 ( ) (resp. ( )) denotes the family of all -closed sets (resp. -open sets). 

 
Definition 2.2. A function :  is called: 
(1) -continuous [14] (resp. -continuous [3]) if ( ) is -open (resp. -open) in  for each open subset  in 

. 
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(2) -open [14] (resp. -closed [14]) if ( ) is -open (resp. -closed) in  for open open (resp. closed) 
subset  in . 
(3) -open [13] (resp. -closed [13]) if ( )is -open (resp. -closed) in  for each open (resp. closed) subset  in 

. 
 
(1) -  [15,11] (resp. -  [5]) if for each , there exist a -open (resp. -open) set  in , such that ,  and there exsit a -open (resp. -open) set  in , such that , . 
(2) -  [15,11] (resp. -  [5]) if for each ,   a -open (resp. -open)  and  sets  such that ,  and = . 

-CLOSED SETS 
 

Now we define the set -closed also introduce the  properties, examples and theorems. 
 
Definition 3.1. A subset  of a space  is called -closed set if ( ) . ( )is means of all 

-closed sets. 
 
Proposition 3.2. If  is an -closed subset  of and ( )  ,therefore  is -closed set. 
Proof. Since  is -closed, ( ) = . Then ( ) ( ) , so  is -closed set. 
Remark 3.3. The converse of Lemma (3.2) is not true as shown by the following example. 
Example 3.4.Let = { , , } and = { , , { }, { ,  }}. Then = { , , { }, { , }}, ( ) ={ , , { }, { }, { , }}, ( ) = , , { }, { , }, { , } , ( ) = { , , { }, { , }, { , }}, ( ) = { , , { }, { }, { , }}, ( ) = { , , { }, { }, { , }, { , }}, ( ) ={ , , { }, { }, { , }, { , }}. So { } ( ) and { , } ( ), but ( { , }) = { , }{ } { , }. 
Theorem 3.5.In any topological space( , )the  statements are verified 
(1) Any -closed subset of  is -closed set. 
Proof. (1) Suppose that  is -closed subset of , since any closed is -closed, ( ) ( )[7, Lemma 3.3], 
then ( ( )) , this implies ( ( )) ( ( )) . Then  is -closed set. 
(2) Since ( )  and suppose that  is -closed then ( ) =  [7, Theorem 3.7], so ( ( )) ( ) =

. Then  is -closed set. 
Remark 3.6.The opposite of Theorem 3.5 is nottrue. In Example (3.4) note that, { , } ( ), but { , }( ) and { } ( ), but { } ( ). 
The above outcomes can be outlined in the accompanying chart, however the opposite is nottrue. 
Theorem 3.7. If { : } is a collection of -closed sets of a space ( , ), then  is -closed set. 

 
Proof. Since ( ) subset for every , and  subset  , for every , ( ) ( ). So ( ) ( ). Hence ( ( )) ( ( )) ( ( )) , 
therefore is -closed set. 
Remark 3.8. The union of two -closed sets it is not necessary be -closed set. As can be seen in the following 
example. 
Example3.9.Let = { , , } and = { , , { ,  }}. Then = { , , { }}, ( ) = ( ) ={ , , { }, { }, { }, { , }, { , }},  ( ) = ( ) = { , , { }, { }, { , }, { , },{ , }}, ( ) = { , , { }, { , }, { , }}, ( ) = { , , { }, { }, { , }}. Where{ } and { } are -
closed sets, but { } { } = { , } is not -closed set. 
Corollary 3.10. The intersection of two -closed set is -closed set. 
Proof. Direct from Theorem 3.5(1) and  Theorem 3.7. 

} p ( ),

-closed set 
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Definition 3.12. Let . The -closure for  is symbolic ( ) is ( ) = { : ,( )}. 
Proposition 3.13. A subset  of a spaces . Then  is -closed set in iff ( ) = . 
Proof. Let  is -closed set. So ( ) = . Conversely, let ( ) = . From Theorem 3.7 then  is 

-closed set. 

-OPEN SETS 

Now we will study -open sets, review the basic properties and some important theorems. 
Lemma4.2. A subset  of a space , then 
(1) ( ) = ( ). 
(2) ( ) = ( ). 
Proof. Easy. 
Theorem4.3. Let   is -open iff ( ( )). 
Proof. Suppose thatA be Hpre-open subset of X. SoX A is Hpre-closed alsoCl ( (X A)) .ThenAInt (Cl(A)).Conversely, let ( ( )). So X Int Cl(A) X A, therefore Int (Cl(X A)) X A, then 

 is Hpre-closed, so A is Hpre-open. 
Directly from Lemma 4.2 and Lemma 3.2. 
Remark4.5. Something contrary to above lemma isn't valid. See Example (3.4) note that, {x , x } Hp ( )and { } ( ), but { } { , } { }. 
Theorem4.6.In any topological space ( , )the  statements are verified 
(1) Any -open is -open set. 
(2) Any -open is -open set. 
Proof. DirectlybyTheorem 3.5. 
Remark 4.7. Something contrary to above theorem isn't valida show from Example 3.4, since { } ( ), but { } ( ) and { , } ( ), but { , } ( ). 
The above outcomes can be outlined in the accompanying chart, however the opposite is not true 
 
 
 
Theorem 4.8. If { : } is a collection of -opn sets of a space ( , ), then  is -oen set. 
Proof. Obvious. From Theorem 3.7. 
Remark 4.9. The intersection of two -open sets is not necessary by -oen set. In Example 3.9, since two 

-open sets are { , } and { , } but { , } { , } = { } is not -open sets. 
Corollary4.10.In anyA topological space( , ). Then  
 
(1) The intersection of -open set and a -open set is -open set. 
(2) The intersection of an -open set and a -open set is -open set. 
Proof. (1) Directly from Theorem 4.6 (1) and Theorem 4.8. 
(2) Directly from Theorem 4.6 (2) and Theorem 4.8. 
Definition 4.11. A subset  of . The -interior of  is symbol by ( ) is ( ) = { : ,( )}. 
Lemma4.12. A subset  of a space , then 
(1) ( ) = ( ). 
(2) ( ) = ( ). 
Proof. Easy. 
Theorem4.13. . So  is -open set iff ( ) = . 
Proof. Easy. 
Proposition 4.14. Any a subset  of ( , ), then 

-open set 
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(1) ( ( )) is -open set. 
(2) ( ( )) is -closed set. 
Proof. (1) ( ( ( ))) = ( ) ( ) = ( ( )). Then ( ) =( ( ) ) ( ( ) ). So ( ( )) is -open set. 
(2) From (1) we have ( ( ) = ( ) ( ( )) is -open set. This also means ( ( )) is -closed set. 
Proposition 4.15.A subset  of a space ( , ), then 
(1) ( ) = ( ( )). 
(2) ( ) = ( ( )). 
Proof. (1) Suppose that = ( ). It is clear that  is -open set and . Since  is -open set, ( ( )) ( ( ). This proves it ( ( )). By Proposition 4.14, ( ( )) is 

-open set. By the definition of ( ), ( ( )) . Therefore = ( ( )). So ( ) = ( ( )). 
(2) By Lemma 4.12 we will get, ( ) = ( ) = (( ) ( ) ), by (1) =( ) ( ) = ( ( )). 
 

APPLICATIONS -OPEN SETS 
 

In this section we present -continuous, -open and -closed functions with by relations, propositions 
and theorems about them. 
Definition 5.1.A function :  is said to be -continuous if ( ) is -open for every open set  in . 
Theorem5.2. For A function : , then the following properties are verified: 
(1) Any -continuous function is -continuous function. 
(1) Any -continuous function is -continuous function. 
Proof. Directly from Theorem 4.6. 
Now = { , , { , }}, ( ) = { , , { }, { }, { , }}, ( ) = { , , { }, { , }, { , }}, ( ) ={ , , { }, { , }, { }, { , }, { , }}, ( ) = { , , { }, { }, { }, { , }, { , }}, ( ) = ( ) = ( ).Since{ } is open in , ({ }) = { } ( ), but { } ( ). Then  is -
continuous function, but not -continuous function. 
(2) Assume that ( , ) and ( , )are topological spaces in (1) and :  defined by ( ) = , ( ) = ( ) =

. Note that { } is open in , ({ }) = { , } ( ), but { , } ( ). Then  is -continuous 
function, but not -continuous function. 
The above outcomes can be abridged in the accompanying chart, yet the oppositeis not true. 

 

 
Theorem5.5.A function : is -continuous function iff satisfying one of the following properties: 
(1) The inverse image of every closed subset  in  is -closed in . 
(2) ( ( )) ( ( )), . 
(3) ( ( )) ( ( )), . 
Proof. (1) ) Suppose that  is -continuous. To proof ( ) ( ), for every . Let  is 
closed set in . This implies  is open in  and ( ) ( ). But ( ) = ( ). Then ( ) ( ). So ( ) is -closed in . ) Suppose that ( ) ( ), for every 

. To proof  is -continuous, let  is open in  so  is closed in  this imples ( ) ( ) 
then ( ) ( ). But, ( ) = ( ) = ( ) ( ). Therefore  
is -continuous. 

-continuous function
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(2) )Suppose that  is -continuous. Let , ( ) then ( ) ( ( )). Since ( ) is a 
closed set in  by (1) ( ( )) ( ) and therefore ( ( )) = ( ( )). Now ( )implies that ( ) ( ( )) so ( ( )) ( ( ( ))) = ( ( )). ) Let the 
condition hold and let  be any closed set in  so that ( ) = . By hypothesis ( ( )) ( ) =( ). But, ( ) ( ( )) and ( ( )) = ( ). Hence ( ) ( ). It follows from 
(1)that  is -continuous. 
(3) )Let  is -continuous. Hence ( ) is open of , ( ( )) ( ) and therefore ( ( ( )) = ( ( )). Now ( )  this implies ( ( )) ( ) therefore ( ( ( ))) ( ( )), so ( ( )) ( ( )). ) Let the condition hold and let  be 
any open set in , so that ( ) = . By hypothesis ( ( )) ( ( )). But, ( ( ))( ), so ( ( )) = ( ). Therefore ( ) ( ). Then  is -continuous. 
Definition 5.6.A function :  is called -open (resp. -closed)   if ( ) is -open (resp. -
closed) in  for every open (resp. closed) set  in . 
Theorem5.7. For A function : , then the following properties are verified: 
(1) Every -open function is -open function. 
(1) Any -open function is -open function. 
Proof. Directly from Theorem 4.6. 
Remark 5.8.(1) -open function does not have to be -open function(see Example 5.9(1)). 
(2) -open function does not have to be -open function (see Example 5.9(2)). 

Example5.9.(1)Let = { , , } with = { , , { }} and = { , , } with = { , ,  , , { }}. 
A function :  be a function defined by ( ) = , ( ) =  and ( ) = . Now ={ , , { }, { , }}, ( ) = { , , { }, { , }, { , }}, ( ) = { , , { }, { }, { , }}, ( ) = { , , { }, { }, { , }}, ( ) = { , , { }, { , }, { , }}, ( ) ={ , , { }, { }, { , }, { , }} and ( ) = { , , { }, { }, { , }, { , }} Since { } is open in , ({ }) = { } ( ), but { } ( ). Then  is -open function, but not -open function. 

(2) Let = { , , } with = { , , { , }} and = { , , } with = { , ,  , }. A function :  
be a function defined by ( ) = , ( ) =  and ( ) = . Now = { , , { }}, ( ) ={ , , { }, { }, { , }}, ( ) = { , , { }, { , }, { , }}, ( ) = ( ) ={ , , { }, { }, { , }, { , }, { , }} and ( ) = ( ) = { , , { }, { }, { }, { , }, { , }}   
Since { , } is open in , ({ , }) = { , } ( ), but { , } ( ). Then  is -open 
function, but not -open function. 
The above outcomes can be condensed in the accompanying chart, yet the oppositeis not true. 

 
 
Theorem5.10. For a function : , then the following properties are equivalent: 
(1)  is -open function. 
(2) For every  and every neighborhood  of , -open set  containing ( )where ( ). 
Proof. (1) (2) Suppose that  and  is nbd of , therefore there exists open s.t. . Now =( ). Since  is -open function, ( ) = ( ) and so ( ) ( ). 
(2) (1) Clearly. 
Theorem5.11. Let :  be -closed (resp. -open) function and . If  is an open (resp. closed) 
set containing ( ), then there exists -open (resp. -closed) set  containing  such that ( )

. 
Proof. Suppose that  and let  be an open (resp. closed) subset of  such that ( ) . Then = () is -open (resp. -closed) set containing  and ( ) . 
Corollary5.12.For every  and :  is -open function, then f (Cl (A)) Cl(f (A)). 

-open function
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Proof. Since ( ( )) is closed containing ( ) for any . By Theorem 5.11, then exists -closed set 

,  such that ( ) ( ( )). Therefore ( ( )) ( ( )) ( )( ( )). 
Theorem5.13. A function :  is -openiff ( ( )) ( ( )) for any  of . 
Proof. Let :  is -open , . So ( ) is open of  and ( ( )) is -open set contained by ( ). 
Hence ( ( )) ( ( )). Now , let ( ( )) ( ( ))of any  of  and  is open of . 
Hence ( ) = , ( ) ( ( )). Therefore ( ) = ( ( )). By Theorem 4.13 ( ) is -open 
function. 
Theorem5.15. If :  is bijective  functionthen the statements are equivalent: 
(1)  is -continuous. 
(2)  is -open. 
(3) -closed function. 
 
Proof. (1) (2) Let  is open in . Then  is closed. Now  is -cntinuous function, ( ) ( ) is 

-closed in . This implies ( ) = ( ) is -closed in . Then ( ) is -open in . Therefore 
 is -open function. 

(2) (3) Assume that that  is closed in . So ( ) is open. Since  is -open, ( ) is -open. 
Therefore ( ) = ( ) is -open in . So ( ) is -closed in . Then  is -closed function. 
(3) (1) Assume that  is closed set in . Since  is -open function, ( ) is -closed. This mean ( ) ( ) 
is -closed in . Then is -continuous function. 
Remark 5.16. If :  and If :  are both -open functions, then the composition ( ) need not 
is -open function seen the following example. 
Example5.17. Let = { , , } with the topology = { , , { }}, = { , , } with the topology ={ , , { },  , } and = { , , }with the topology = { , ,  , } A function :  be a function 
defined by ( ) = , ( ) =  and ( ) =  and :  is defined by ( ) = , ( ) =  and ( ) =

. Since = { , , { }, { , }}, ( ) = { , , { }, { }, { , }}, ( ) ={ , , { }, { , }, { , }}, ( ) = { , , { }, { , }, { }, { , }}, ( ) ={ , , { }, { }, { , }, { , }} and = { , , { }}, ( ) = { , , { }, { }, { , }}, ( ) ={ , , { }, { , }, { , }}, ( ) = { , , { }, { }, { , }, { , }, { , }}, ( ) ={ , , { }, { }, { }, { , }, { , }}. It is clear that,  and  are -open function. Since { } is open in . But ({ }) = ({ }) = { } is not -open in . Then  is not -open. 
 
Definition 5.18. Let ( , ) be a topological space. Then the space ( , ) is called  space  iff for every distinct 
pair of points  and  in , there exists -open sets  in  containing  but not , and a -open set  in  
containing  but not . 
Theorem5.19.In any topological space ( , )the  statements are verified 
(1) Any -  is  space. 
(2) Any -  is  space. 
Proof. Easy. 
Remark 5.20.(1)  space does not have to be -  space (see Example 5.4(1)). 
(2) space  does not have to be -  space  (see Example 3.9). 
Theorem5.21. Let ( , ) be a topological space. Then 
(1)  is  space if and only if for each , { } is -closed set and { } is -closed set in . 
(2)  is  space if and only if for each , { } is -closed set and { } is -closed set in . 
Then { } . Therefore { } = { } , which is -open set and { } is -closed set in . 
Also{ } -closed set in . In fact { } , then { } = { } , which is -open set and { } 
is -closed set in . Now for the converse, let , = { } is -open set in  containing  
but not , and = { } is is -open set in  containing  but not , therefore  is  space. 
(2) Similar proof of (1). 
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Definition 5.22. Let ( , ) be a topological space. Then the space ( , ) is called  space  iff for every distinct 
pair of points  and  in , there exists -open sets  and  in s.t.  and , and = . 
Theorem5.23.In any topological space ( , )the  statements are verified 
(1) Every -  is  space. 
(2) Any -  is  space. 
Proof. Direct that from Theorem 4.6. 
Remark 5.24.(1)  space does not have to be -  space (see Example 5.4(1)). 
(2) space  does not have to be -  space  (see Example 3.9). 
(3) Every  space is  space but the converse is not true(see Example 5.9(2)). 
Theorem5.25. Let ( , )be T.S. and let ( , ) be -space. Let :  be a one-one and -continuous function. 
Then ( , ) is  space. 
Proof. Let  . Since  is one-one,  then ( ) ( ). Let = ( ), = ( ), so that =( ) and = ( ). Then . Since  is -space, then there exists a two open set  and  such that 

 and  and = . Since  is -continuous function, so ( ) and ( ) are -open set 
in  and ( ) ( ) = ( ) =  , , ( ) ( ) this implies ( ) and , ( ) ( ) this implies ( ). So ( , ) is  space. 
Theorem5.26. Let  be -space (resp. -  space) and : -open function, one-one and onto, then  is 

 space. 
Proof. Let  . Since  is one-one and onto function, there exists  such that = ( ), =( ), since  is -space (resp. -  space) then there exists are two open (resp. -open) sets  and  in  such 
that ,  and = , since  is -open function, therefore ( ) and ( ) are -open sets such 
that = ( ) ( ), = ( ) ( ) and ( ) ( ) = ( ) = . Then  is  space. 
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