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6- Velocity Transformations:
A gain considers two inertial systems S and $ moving with relative velocity v along
the XX axes. Consider a particle at P. The velocity of this particlein Sisuand 2 in S .

The velocity component in S and S are

dx dy dz
U, =— , U, = —— | U, = — ===mmmmmmmmmmoe 1
X a7V 4t T ¢ adt (1)
and

dx dy dz
Upy = — , Uy = — Us = — =mmmmmmmmmmmeee 2
X at 7Y at T ¢ dt (2)

Differentiation of the Lorentz Egn. gives:

] dx — vdt Y ¥

dX = ——— .

J1—1v?%/c? S S

x >p
dy = dy vt
0 X 6 X

dz = dz

dr — 24X
df = ——C2 2 7

J1—1v?/c?

Substitution of these values in Eqgn. (2) gives:

_ dx—vdt/wll—%z/c2 __ dx-vdt

X T v e gevax”
dt—=—5/y1-42/c dt——

Divided by dt we get:

(@)

v dx

U,x =
1-22(5)

Substitute Eqgn. (1) we get
Uy, —V

v
1—-=u

Uy =

Similarly w, = 2
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These are the Lorentz velocity transformations. The invers transformation is obtained by
replacing v by —v and interchanging primed and unprimed coordinates:

u = Uy +v

¥ 1+C£2u,2

u, = Uyy/1 —vvz/c2
1+C—2u,3

5 _uz/1—-v?/c?

‘- 1+:—2u,3

Example: Imagining that light emitted along the x — axis, if uy = ¢ with respect to
(w.r.t.) S . Find the velocity of light w.r.t. S.

Solution:
u, = and since uy = ¢
x_1+clzu5c X
c+v c+v c(c+v)
.‘.uxz 7 = v:
1+—c 1+- (c+v)
C C

7- Length Contraction:

The first of the interesting consequences of the Lorentz Transformation is that length
no longer has an absolute meaning: the length of an object depends on its motion relative
to the frame of reference in which its length is being measured. Let us consider a rod
moving with a velocity vx relative to a frame of reference S, and lying along the X axis.
This rod is then stationary relative to a frame of reference S which is also moving with a
velocity vx relative to S.
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The length of the rod, as measured in $ is then
LO - 322 - .72'1
Where L, is known as the proper length of the rod. L }\
0 y
To an observer in S, the length of the rod is: \I< %
X3
X

(6)



L = x2 - x1
Using Lorentz transformation
xl - Utl
J1—v?%/c?

, xz—vtz
X

= iz

Substituting these expression in L,

)21:

X, — Ut X; — vty

_\/1—172/c2_\/1—172/c2

X —Vt—X — VUVt X;—Xq

Ji-vije J1-vije
L

J1—1v?%/c?

8- Time Dilation:

L, =

Perhaps the most unexpected consequence of the Lorentz transformation is the way in
which our ‘commonsense’ concept of time has to be drastically modified.
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Consider two successive events occurring at the same point % in the interval frame S.
Let ¢; and t, be the times recorder by an observer in frame S . Then time interval
measured by the observer is t; - t, . For the observer in frame S the time measured is
At = t, — t, . The time interval between events in S is called the Proper time At = t, - t;

Example 1. At what speed does the relativistic value for length differ from the classical
value by (1) percent?
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Solution:

Lo—L

= 0.01

o

or L,—L=0.01L,

~L=1L,—001L, =099L, = L —-099 1)

. L
Since L=1LyJ1—-v?/c? = L_=‘/1_”2/CZ ................ )
S Jand (2) $ (1) Oilataal) B) glusay

2
1-v2/c2=10.99 = 1-==1098
c

12
—=1-098=0.02 = v?=0.02¢>

C2

Therefore v =+0.02¢2 = 141c¢

Example 2: A beam of particles travels at a speed of (0.9¢). At this speed, the mean
lifetime as measured in the laboratory frame is (5x10° ) . What is the proper lifetime of the
particles?

Solution: proper lifetime At = At\/1 — v?/c?

At = (5% 107%)/1— (0.9)2 =2.18x 107° sec.

9 - Relativistic Mass:

In Newtonian mechanics, mass is considered to be a constant quantity independent of
its velocity. In general, if a mass is moving with a velocity (v ) relative to an observer

then m = —=2

J1-v2/c?
Where m is the effective mass and my is the rest mass.

10 - Relativistic Momentum:
Any relativistic generalization of Newtonian momentum must satisfy two criteria:
Oilbmar b O g sl a3 I e et g
1. Relativistic momentum must be conserved in all frames of reference.
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2. Relativistic momentum must reduce to Newtonian momentum at low speeds.
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The first criterion must be satisfied in order to satisfy Einstein’s first postulate, while the
second criterion must be satisfied as it is known that Newton’s Laws are correct at
sufficiently low speeds.
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The relativistic momentum of a particle moving with a velocity (v ) as measured with

respect to a frame of reference S, that satisfies these criteria can be shown to take the
form:

mev

Vi-v?/c?

Where m,, is the rest mass of the particle, i.e. the mass of the particle when at rest, and
which can be identified with the Newtonian mass of the particle. Einstein then postulated
that, for a system of particles:

The total momentum of a system of particles is always conserved in all frames of
reference, whether or not the total number of particles involved is constant.
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11 - Total Relativistic Energy:
We can now define a quantity Eby: T = mc? — m,c?
or E=T+ m,c?

This relation implies that mass is a form of energy. Einstein called m,c?, the rest energy
of object . By analogy, mc? the sum of kinetic energy and rest energy is called the total
energy E. That is E = mc?

The rest energy of an electron is
E,=my,c?=9.11%10"3 kg x (3 *x 108 m/sec)? = 8.2 107 1*]

«10—14
2 Ey= —0 ) _—0511+10%V = 0.511 MeV
1.6x10719]/eV

Often, mass is expressed in terms of MeV/c? so that the electron mass is 0.511MeV/c?.
e A useful relation connect the total energy E , momentum p , and rest energy E, = m,c?

E = \/pzcz + m2c*

We can obtain as follow:

Mo
We have m = \/Tz/cz
Multiplying both side of this expression by ¢? , and squaring we get:
2 _ __moc? 2.4 _ﬁ — a2 4
mc—\m =>mc(1 Cz)—moc

m?c* = m?v?c? + mict

Using p = mv,and E = mc? we get E? =p2c?+ mic* =

E = \/pzcz + mac*
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