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Partial Differential Equation PDE

A differential equation involving partial derivatives of a dependent variable (one or
more) with more than one independent variable is called a partial differential equation,

hereafter denoted as PDE. For example, the following equations are PDEs:

aa+ba=f(x,t) = au; +bu, = f(x,t)

0’u  ,0%u " _

el 922 = 0 = Uy —CUyy, =0 (Wave Equation)
ou , 0%u B _

5t T@ =0 = U —Tu, =0 (Heat Equation)
d%u  0%*u B _
P + a_yz =0 = Uy t Uy =0 (Laplace Equation)

1. First Order PDE with Constant Coefficients

Consider the linear first order constant coefficient partial differential equation
au; + bu, = f(x,t) with an initial condition u(x,0) = g(x) where a and b are
constants, f(x,t) and g(x) are given functions. This is a typical initial value problem

for PDEs. Our objective is to find the solution u(x, t).

t
1 b
Solution Formula  u(x,t) = <x——t ;ff x——t+—T T)dT
0

Example 1: Solve the initial value problem u, + 4u, = 0 with u(x,0) = 1/(1 + x?)
Solution: f(x,t) =0and g(x) =1/(1+x%?) (a=1, b=4)

1 b b
flx,t) =0 = — f(x——t+—T,T>dT=O
a a a

So,u(x,t) = g(x — 4t)
u(x,0) =1/(1 + x?) = glx)=1/(1+x?%)

Then the solution of PDE is: u(x,t) = 1+ (x — 40)?
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1+e*
Example 2: Solve the initial value problem 2u; + 3u, =0 with u(x,0) = W
_ 1+e*
Solution:  f(x,t) = 0and g(x) = TT o (a =2, b =3)

flx,t) =0 m%ff(x—%t+%T,T)dT=0

b 3 1 4 e*3t/2
g(’“ ‘?t> - g(x ‘?t> T 1+ ete3t/2)
1+ ex—3t/2
T 1+ eGr-60)
1+ ex—3t/2
u(x,t) = 15 oG 6D

Example 3: Solve the initial value problem u; + u, = x with u(x,0) = sinx

Solution: f(x,t) =x and g(x) =sinx (a=1, b=1)
t t
t) = ! t+bTT dT = 1j 1t+1TT)dT
flat)=x Xj x ) T fx 1777
0 0
t

:](X—t+T)dT=(x_t2+T) _ X —(Zx_t)
b
8(x—zt)= g(x —t) =sin(x — t)
u(x,t) =sin(x —t) + X _(Zx—t)
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Example 4: Solve the initial value problem u, + 2u, = 6te ?* with u(x,0) = x?

Solution: f(x,t) = 6te™* and g(x) = x? (a=1, b=2)
t

fCt) = 6te™* = f f(x—2t+2T,T)dT = f 6Te—2(x-2t+2T) g
0

+ 6T e—2x+4—t—4—T

_ 6 \(_1/4)8—2x+4t—4T

+ 0 \" (1/16)6_2x+4t_4T
t t
f 6T e -2(x-2t+2T) g7 — _iTe—2x+4t—4T _ ie—2x+4t—4T]
2 8 .
0
3 3 o
= —7t€_2x —56_2" +§ee et
g(x) =x* » glx—2t)=(x—2t)?
3 3 3
u(x, t) = (x — 2t)%2 — Tte‘zx — ge‘zx + Eee st

Example 5: Solve the initial value problem 2u; + 5u, = 7 cosx + 3 sin 4t
with u(x, 0) = e~*°/8

1 1
Solution: f(x,t) = - Cosx + Esin 4t and g(x) = g=x"/8 (a=2, b =05)

b 1 1
u(x,t) = g(x——t) + f(x,t) =Zcosx+zsin4t

t
E:.'>1j t+bTTdT f > 120 r)ar
a f(x ) - fx 273 )
0

t

—1f1 5t+5T+1'(4T)dT
=3 <4C°S<x 2 2) 61 )

( t+5T> .
smx > e

B @) 1 (40) 1 ( 5 t)+ 1
= 2051nx 18 coS 20sm X > 13
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b 5
glx) = e—x2/8 = g(x — ;t) = g(x — 7t) = e—(x—St/Z)Z/S — e—(x—St/2)2/8

1 1 1 5 1
— - (e-5t/2)2/8 4 T iy g ( _2 ) =
u(x,t) =e + 2Osm(x) 8 cos(4t) 20sm X == t +48

H.W: Solve the initial value problems

1. 2u;+ 5u, =0 with u(x,0) =1/(1+ e%).

5t
Ans:u(x,t) = 1/(1 + ex_7>

1 _ 1+e*

2. 2u;+ 3u, = — Sinx with u(x,0) = W
4 _l4er 3z . 3t
ns:u(x,t) = 101G 12 cos x + ——-cos (x — ?>

3. 3u; + 2u, =cost with u(x,0) =sinx

1 2
Ans: u(x,t) = ?sin t + sin (x -3 t)



