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Example (1):  

Evaluate the commutator   [𝑥,
𝑑

𝑑𝑥
], applying the commutator on an arbitrary function 

f(x) 

 Solution:  

[𝑥,
𝑑

𝑑𝑥
] F(x) = 𝑥 

𝑑

𝑑𝑥
 𝑓(𝑥) − 

𝑑

𝑑𝑥
(𝑥 𝑓(𝑥)) 

 = 𝑥 
𝑑𝑓(𝑥)

𝑑𝑥
− 𝑥 

𝑑𝑓(𝑥)

𝑑𝑥
−   𝑓(𝑥) =  −  𝑓(𝑥) 

  من الطرفين نحصل على  f  وبحذف

[𝑥,
𝑑

𝑑𝑥
] F(x)   = −  𝑓(𝑥) 

[𝑥,
𝑑

𝑑𝑥
] = -1  

From the Angular momentum L of a particle having linear momentum p is: 

𝐿 = 𝑟 × 𝑃  

∴  𝐿 = 𝑟 × 𝑃 = |

𝑖 𝑗 𝑘
𝑥 𝑦 𝑧
𝑝𝑥 𝑝𝑦 𝑝𝑧

| 

𝐿 = 𝑖(𝑦 𝑝𝑧 − 𝑧 𝑝𝑦) + 𝑗(𝑧 𝑝𝑥 − 𝑥 𝑝𝑧 ) + 𝑘(𝑥 𝑝𝑦 − 𝑦 𝑝𝑥 )  

∴ 𝐿𝑥 = 𝑦  𝑝𝑧 − 𝑧  𝑝𝑦 =  −𝑖ħ (𝑦 
𝜕

𝜕𝑧
− 𝑧 

𝜕

𝜕𝑦
 ) 

∴ 𝐿𝑦 = 𝑧  𝑝𝑥 − 𝑥 𝑝𝑧 =  −𝑖ħ (𝑧 
𝜕

𝜕𝑥
− 𝑥 

𝜕

𝜕𝑧
 ) 

∴ 𝐿𝑧 = 𝑥 𝑝𝑦 − 𝑦 𝑝𝑥 =  −𝑖ħ (𝑥 
𝜕

𝜕𝑦
− 𝑦 

𝜕

𝜕𝑥
 ) 
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Example (2):  

Prove that the commutator [𝑥, 𝑝𝑥] = 𝑖ħ 

Solution: 

[𝑥, 𝑝𝑥] Ψ(𝑥) = (𝑥 𝑝𝑥 −  𝑝𝑥 𝑥)Ψ(𝑥)  = (−𝑖ħ 𝑥 
𝜕

𝜕𝑥
+ 𝑖ħ  

𝜕

𝜕𝑥
 𝑥 ) Ψ(𝑥) 

 

[𝑥, 𝑝𝑥] Ψ(𝑥) =  𝑖ħ { −𝑥  
𝜕Ψ(𝑥)

𝜕𝑥
 + 

𝜕

𝜕𝑥
 (𝑥 Ψ(𝑥))} 

 

[𝑥, 𝑝𝑥] Ψ(𝑥) =   𝑖ħ { −𝑥  
𝜕Ψ(𝑥)

𝜕𝑥
 + 𝑥 

𝜕Ψ(𝑥)

𝜕𝑥
+  Ψ(𝑥)

𝜕𝑥

𝜕𝑥
 }  

[𝑥, 𝑝𝑥] Ψ(𝑥)  = 𝑖ħ Ψ(𝑥) 

 

∴  [𝑥, 𝑝𝑥] =   𝑖ħ   

Similarly we can prove that  

[𝑦, 𝑝𝑦] =  [𝑧, 𝑝𝑧] =   𝑖ħ   

∴  [𝑥, 𝑝𝑥] =  [𝑦, 𝑝𝑦] =  [𝑧, 𝑝𝑧] =  𝑖ħ   

And  

[𝑝𝑥 , 𝑥] =  [𝑝𝑦 , 𝑦] =  [𝑝𝑧 , 𝑧] = − 𝑖ħ   

Example (3): 

 Prove that [𝑥, 𝑝𝑦] = 0 

Solution:  

[𝑥, 𝑝𝑦] Ψ(𝑥) =  (𝑥 𝑝𝑦 − 𝑦 𝑝𝑥 )Ψ(𝑥) = (−𝑖ħ 𝑥 
𝜕

𝜕𝑦
+ 𝑖ħ  

𝜕

𝜕𝑦
 𝑥 ) Ψ(𝑥) 

   [𝑥, 𝑝𝑦] Ψ(𝑥) =  𝑖ħ { −𝑥  
𝜕Ψ(𝑥)

𝜕𝑦
 + 

𝜕

𝜕𝑦
 (𝑥 Ψ(𝑥))} 
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[𝑥, 𝑝𝑦] Ψ(𝑥) = 𝑖ħ { −𝑥  
𝜕Ψ(𝑥)

𝜕𝑦
 + 𝑥 

𝜕Ψ(𝑥)

𝜕𝑦
+  Ψ(𝑥)

𝜕𝑥

𝜕𝑦
 } = 0  

[𝑥, 𝑝𝑦] Ψ(𝑥) = 0 

∴  [𝑥, 𝑝𝑦] = 0 

Similarly we can prove that: 

[𝑥, 𝑝𝑧] =  [𝑦, 𝑝𝑥] = [𝑦, 𝑝𝑧] = [𝑧, 𝑝𝑥] = [𝑧, 𝑝𝑦] = 0 

 

Example (4): 

 For angular momentum operator L, show that       [ 𝐿𝑥, 𝐿𝑦] = 𝑖ħ 𝐿𝑧 

Solution:  

[ 𝐿𝑥, 𝐿𝑦] = [(𝑦 𝑝𝑧 − 𝑧 𝑝𝑦), (𝑧𝑝𝑥 − 𝑥𝑝𝑧) ] 

[ 𝐿𝑥, 𝐿𝑦] = [𝑦 𝑝𝑧 , 𝑧𝑝𝑥] − [𝑦 𝑝𝑧 , 𝑥𝑝𝑧] − [𝑧 𝑝𝑦 , 𝑧𝑝𝑥] + [𝑧 𝑝𝑦 , 𝑥𝑝𝑧]  

[ 𝐿𝑥, 𝐿𝑦] =  𝑦 𝑝𝑥[ 𝑝𝑧 , 𝑧] −  𝑦 𝑝𝑧[ 𝑝𝑧 , 𝑥] − 𝑧 𝑝𝑥[ 𝑝𝑦 , 𝑧] +  𝑥 𝑝𝑦[𝑧  , 𝑝𝑧]  

[ 𝐿𝑥, 𝐿𝑦] =  𝑦 𝑝𝑥[ 𝑝𝑧 , 𝑧] +  𝑥 𝑝𝑦[𝑧  , 𝑝𝑧]  

But  [ 𝑝𝑧 , 𝑧] =  − 𝑖ħ      , and [𝑧, 𝑝𝑧 ] = 𝑖ħ 

Therefor   

[ 𝐿𝑥, 𝐿𝑦] = 𝑦 𝑝𝑥(− 𝑖ħ ) + 𝑥 𝑝𝑦 ( 𝑖ħ ) = 𝑖ħ𝑥𝑝𝑦 −  𝑖ħ𝑦𝑝𝑥 

[ 𝐿𝑥, 𝐿𝑦] = 𝑖ħ (𝑥𝑝𝑦 −  𝑦𝑝𝑥) 

[ 𝐿𝑥, 𝐿𝑦] = 𝑖ħ𝐿𝑧 

 

 

 

3 



2026-2025/ الفصل الثاني /  الخامسةالفيزياء الحديثة / المرحلة الثانية / المحاضرة   

_______________________________________________________ 

 

 

 

Similarly we can prove that  

[ 𝐿𝑦 , 𝐿𝑧] = 𝑖ħ𝐿𝑥 

[ 𝐿𝑧, 𝐿𝑥] = 𝑖ħ𝐿𝑦 

 

 

Example (5): 

Evaluate the commutator: 

[𝑥2,
𝑑

𝑑𝑥
] applying the commutator on an arbitrary function f(x). 

Solution:  

[𝑥2,
𝑑

𝑑𝑥
] 𝑓(𝑥) =  𝑥2  

𝑑

𝑑𝑥
 𝑓(𝑥) - 

𝑑

𝑑𝑥
 (𝑥2 𝑓(𝑥)) 

𝑑

𝑑𝑥
 (𝑥2 𝑓(𝑥)) =  2 𝑥 𝑓(𝑥) + 𝑥2  

𝑑𝑓(𝑥)

𝑑𝑥
   

So: 

𝑥2  
𝑑

𝑑𝑥
 𝑓(𝑥) − (2 𝑥 𝑓(𝑥) + 𝑥2  

𝑑𝑓(𝑥)

𝑑𝑥
 )  

= −2𝑥 𝑓(𝑥) 

∴  [𝑥2,
𝑑

𝑑𝑥
] =  −2𝑥  
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