Volumes by Slicing and Rotation About an Axis

In this section we define volumes of solids whose cross-sections are plane regions. A
cross-section of a solid § 1s the plane region formed by intersecting 5 with a plane
(Figure 6.1).

Suppose we want to find the volume of a solid § like the one in Figure 6.1. We begin
by extending the definition of a cylinder from classical geometry to cylindrical solids with
arhitrary bases (Figure 6.2). If the cylindrical solid has a known base area 4 and height A,
then the volume of the cylindrical solid 15

Volume = area x height = 4 - h.

This equation forms the basis for defining the volumes of many solids that are not cylin-
drical by the method of slicing.

If the cross-section of the solid § at each point x in the interval [a. ] is a region R(x)
of area A4(x), and 4 is a continuous function of x, we can define and calculate the volume
of the solid § as a definite integral in the following way.
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FIGURE 6.1 A cross-section of the solid §
formed by intersecting & with a plane Py
perpendicular to the x-axis through the point x
in the interval [a, b].
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FIGURE 6.2 The volume of a cylindrical solid is always defined
to be its base area times its height.



DEFINITION Volume

The volume of a solid of known integrable cross-sectional area 4(x) fromx = a
to x = b is the integral of 4 from a to b,

V= i&fi(x) dx.

This definition applies whenever A(x) is continuous, or more generally, when it is in-
tegrable. To apply the formula in the definition to calculate the volume of a solid, take the
following steps:

Calculating the Volume of a Solid

1.  Sketch the solid and a typical cross-section.

2. Find a formula for 4(x), the area of a typical cross-section.
3. Find the limits of integration.
4. Inteprate A(x) using the Fundamental Theorem.

EXAMPLE 1 Volume of a Pyramid

A pyramid 3 m high has a square base that is 3 m on a side. The cross-section of the pyra-
mid perpendicular to the altitude x m down from the vertex is a square x m on a side. Find
the volume of the pyramid.

Solution

1. A sketeh. We draw the pyramid with its altitude along the x-axis and its vertex at the
origin and include a typical cross-section (Figure 6.5).

2. A formula for A(x). The cross-section at x is a square x meters on a side, so its area is
A(x) = x°.
3. The limits af integration. The squares lie on the planes from x = O tox = 3.

Integrate to find the volume.
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FIGURE 6.5 The cross-sections of the
pyramid in Example | are squares.

Solids of Revolution: The Disk Method

The solid generated by rotating a plane region about an axis in its plane is called a solid of
revolution. To find the volume of a solid like the one shown in Figure 6.8, we need only
observe that the cross-sectional area A(x) is the area of a disk of radius R(x), the distance
of the planar region’s boundary from the axis of revolution. The area is then

A(x) = w(radius)® = #[R(x)]%.

So the definition of volume gives

] b
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EXAMPLE 4 A Solid of Revolution (Rotation About the x-Axis)

The region between the curve ¥ = Vx, 0 = x = 4, and the x-axis is revolved about the
i x-axis to generate a solid. Find its volume.

Solution  We draw figures showing the region, a typical radius, and the generated solid
(Figure 6.8). The volume 1s
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FIGURE 6.8 The region (a) and solid of
revolution (b) in Example 4.

EXAMPLE 5  Volume of a Sphere

The circle

x? +y? =4t

1s rotated about the x-axis to generate a sphere. Find its volume.
Solution  We imagine the sphere cut into thin slices by planes perpendicular to the x-axis
{Figure 6.9). The cross-sectional area at a typical point x between —a and a 1s

A(x) = my? = w(a® — x).

Therefore, the volume is

a o 17a
sz-‘!{x]dxzfW{ﬂz_xz)tﬁ:‘ﬁ[ﬂzx—%} =%‘JT|SE3.

—a



FIGURE 6.9 The sphere generated by rotating the circle
x2 + y? = &” about the x-axis. The radius is

R(x) =y = Va® — x* (Example 5).

EXAMPLE 6 A Solid of Revolution (Rotation About the Line y = 1)
Find the volume of the solid generated by revolving the region bounded by v = \-'/; and
the lines ¥y = 1, x = 4 about the line y = 1.

Solution  We draw figures showing the region, a typical radius, and the generated solid
(Figure 6.10). The volume is
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FIGURE 6.10 The region (a) and solid of revolution (b} in Example 6. |

To find the volume of a solid generated by revolving a region between the y-axis and a
curve x = R(y). ¢ = y = d, about the y-axis, we use the same method with x replaced by
v. In this case, the circular cross-section is

A(y) = w[radius]* = 7[R(»)°.

EXAMPLE 7  Rotation About the y-Axis

Find the volume of the solid generated by revolving the region between the y-axis and the
curve x = 2/y, | = y = 4, about the y-axis.



Solution  We draw figures showing the region, a typical radius, and the generated solid
(Figure 6.11). The volume is
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EXAMPLE 8  Rotation About a Vertical Axis
Find the volume of the solid generated by revolving the region between the parabola

x = y* + 1 and the line x = 3 about the line x = 3.

Solution We draw figures showing the region, a typical radius, and the generated solid
(Figure 6.12). Note that the cross-sections are perpendicular to the line x = 3. The volume is
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Solids of Revolution: The Washer Method

If the region we revolve to generate a solid does not border on or cross the axis of revolu-
tion, the solid has a hole in it (Figure 6.13). The cross-sections perpendicular to the axis of
revolution are washers (the purplish circular surface in Figure 6.13) instead of disks. The

dimensions of a typical washer are

Chater radius: Rix)

Inner radius: rix)

The washer’s area 1s
A(x) = #[Rx)P — #[r(x)F = #([R()P — [Hx)]).

Consequently, the definition of volume gives

B b
y= f Alx) d = f HRGE — ()P d.

This method for calculating the volume of a solid of revolution is called the washer
method because a slab is a circular washer of outer radius R(x) and inner radius r(x).



EXAMPLE 9 A Washer Cross-Section (Rotation About the x-Axis)

The region bounded by the curve y = x? + 1 and the line y = —x + 3 is revolved about
the x-axis to generate a solid. Find the volume of the solid.

Solution

1. Draw the region and sketch a line segment across it perpendicular to the axis of revo-
lution (the red segment in Figure 6.14).

2. Find the outer and inner radii of the washer that would be swept out by the line seg-
ment if it were revolved about the x-axis along with the region.

These radii are the distances of the ends of the line segment from the axis of revolu-
tion (Figure 6.14).

Outer radius: R(x) = —x + 3
Inner radius: r(x) = x> + 1

3. Find the limits of integration by finding the x-coordinates of the intersection points of
the curve and line in Figure 6.14a.

2 +1=-x+3
¥+x-2=0
x+2Mx—1)=10

x=-2, x=1

4. Evaluate the volume mntegral.
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To find the volume of a solid formed by revolving a region about the y-axis, we use
the same procedure as in Example 9, but integrate with respect to y instead of x. In this sit-
uation the line segment sweeping out a typical washer is perpendicular to the yv-axis (the
axis of revolution), and the outer and inner radi1 of the washer are functions of y.



1 {f-:ﬂ Washer cross section
Interval of W QOuter radius: R(x) = —x + 3

integration

Inner radius: r(x) = x% + 1
(a) (b)

FIGURE 6.14 (a) The region in Example 9
spanned by a line segment perpendicular to
the axis of revolution. (b) When the region
is revolved about the x-axis, the line
segment generates a washer.

EXAMPLE 10 A Washer Cross-Section (Rotation About the y-Axis)

The region bounded by the parabola y = x” and the line ¥ = 2x in the first quadrant is re-
volved about the y-axis to generate a solid. Find the volume of the solid.

Solution  First we sketch the region and draw a line segment across it perpendicular to
the axis of revolution (the y-axis). See Figure 6.15a. _

The radii of the washer swept out by the line segment are R(y) = V. r(y) = ¥/2
(Figure 6.15).

The line and parabola intersect at y = 0 and ¥ = 4, so the limits of integration are
¢ = 0and d = 4. We integrate to find the volume:
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FIGURE 6.15 (a) The region being
rotated about the y-axis, the washer radii,
and limits of integration in Example 10.
(b) The washer swept out by the line

segment in part (a).

Summary

In all of our volume examples, no matter how the cross-sectional area A(x) of a typical slab
15 determined, the definition of volume as the definite integral V' = f: A(x) dx 1s the heart
of the calculations we made.



