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2. Linear ODE   

     A first-order linear differential equation is an equation of the form 𝑦′ + 𝑃(𝑥)𝑦 = 𝑄(𝑥), 

where 𝑃 and 𝑄 are functions of  𝑥. This form is called the standard form of a linear ODE. 

To solve a linear ODE, keep to the following steps:  

1. Write ODE in standard form to identify the functions 𝑃(𝑥) and 𝑄(𝑥).  

2. Find integrating factor 𝜇(𝑥), where 𝜇(𝑥) = 𝑒∫  𝑃(𝑥)𝑑𝑥 .  

3. Find the general solution of a linear ODE which is given by: 

𝑦 𝜇(𝑥) = ∫ 𝜇(𝑥) 𝑄(𝑥)𝑑𝑥.  

Example 1: Find the general solution of        𝑦′ + 3𝑦 = 5𝑒2𝑥 

Solution: The ODE is linear, in the standard form, with  𝑃(𝑥) = 3      and   𝑄(𝑥) = 5𝑒2𝑥. 

 So, the 𝐢𝐧𝐭𝐞𝐠𝐫𝐚𝐭𝐢𝐧𝐠 𝐟𝐚𝐜𝐭𝐨𝐫 is:     𝜇(𝑥) = 𝑒∫  𝑃(𝑥)𝑑𝑥 = 𝑒∫ 3𝑑𝑥 = 𝑒3𝑥      

Then the general solution:         𝑦 𝑒3𝑥 = ∫ 5𝑒3𝑥 𝑒2𝑥𝑑𝑥 = ∫ 5𝑒5𝑥 𝑑𝑥            

              𝑦𝑒3𝑥 = 𝑒5𝑥 + 𝐶         ⇰                  𝑦 = 𝑒2𝑥 + 𝐶𝑒−3𝑥       

Example 2: Solve the Initial Value Problem (IVP)  
𝑑𝑣

𝑑𝑡
+ 0.196𝑣 = 9.8 with 𝑣(0) = 48.  

Solution: The ODE is linear, in the standard form, with   𝑃(𝑡) = 0.196  and   𝑄(𝑡) = 9.8 

                  𝐈𝐧𝐭𝐞𝐠𝐫𝐚𝐭𝐢𝐧𝐠 𝐟𝐚𝐜𝐭𝐨𝐫:  𝜇(𝑡) = 𝑒∫  𝑃(𝑡)𝑑𝑡 = 𝑒∫  0.196𝑑𝑡 = 𝑒0.196𝑡 

                 𝐓𝐡𝐞 𝐠𝐞𝐧𝐞𝐫𝐚𝐥 𝐬𝐨𝐥𝐮𝐭𝐢𝐨𝐧:  𝑣𝑒0.196𝑡 = ∫ 9.8 𝑒0.196𝑡 𝑑𝑡 =
9.8

0.196
 𝑒0.196𝑡 + 𝐶 

                 𝑣𝑒0.196𝑡 = 50 𝑒0.196𝑡 + 𝐶    ⇰       𝑣 = 50 + 𝐶𝑒− 0.196𝑡       

               To find 𝐶, we have 𝑣(0) = 48    

                  48 = 50 + 𝐶   ⇰  𝐶 = −2 

                  𝑣 = 50 − 2𝑒− 0.196𝑡 

 

https://tutorial.math.lamar.edu/classes/de/Definitions.aspx#IVP
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Example 3: Find the general solution of   𝑥𝑦′ − 2𝑦 = 𝑥2.  Assume 𝑥 > 0.    

Solution:  Begin by writing the ODE in standard form 

                  𝑦′ + (
−2 

𝑥
) 𝑦 = 𝑥.           Standard form,     𝑦′ + 𝑃(𝑥)𝑦 = 𝑄(𝑥) 

               𝑃(𝑥) =
−2 

𝑥
      and   𝑄(𝑥) = 𝑥.  

               Integrating factor:   𝜇(𝑥) = 𝑒∫  𝑃(𝑥)𝑑𝑥 = 𝑒∫−2 𝑥⁄ 𝑑𝑥         

                𝜇(𝑥) = 𝑒−2 ln 𝑥 = 𝑒ln 𝑥−2
= 𝑥−2      

              This implies that the general solution is 

                𝑦𝑥−2 = ∫ 𝑥−2 𝑥 𝑑𝑥                                      

                𝑦𝑥−2 = ∫
 1 

𝑥
  𝑑𝑥 = ln 𝑥 + 𝐶                     

                 𝑦 = 𝑥2 ln 𝑥 + 𝐶𝑥2         (General solution)  

 

IVP       𝑥2𝑦′ + 𝑥𝑦 = 1;    𝑥 > 0,    𝑦(1) = 5 .Find the solution of  :4Example  
  

Solution:   Standard form:    𝑦′ +
 1 

 𝑥 
𝑦 =

1

𝑥2
 

                   𝑃(𝑥) =
 1 

𝑥
      and   𝑄(𝑥) =

1

𝑥2
.  

                 Integrating factor:   𝜇(𝑥) = 𝑒∫  𝑃(𝑥)𝑑𝑥 = 𝑒∫1 𝑥⁄ 𝑑𝑥  = 𝑒ln 𝑥 = 𝑥  

                 General solution:  𝑦𝑥 = ∫ 𝑥 
1

𝑥2
𝑑𝑥 = ∫  

1

 𝑥 
𝑑𝑥       

                  𝑦𝑥 = ln 𝑥 + 𝐶 

                 𝑦 =
1

 𝑥 
(ln 𝑥 + 𝐶) 

                  𝑦(1) = 5   ⇰       5 = 1(0 + 𝐶)    ⇰  𝐶 = 5 

                   𝑦 =
1

 𝑥 
(ln 𝑥 + 5) 
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Electric Circuits 

The 𝑅𝐿 circuit shown in the figure below has a resistor 𝑅 𝑜ℎ𝑚𝑠 and an inductor 

𝐿 ℎ𝑒𝑛𝑟𝑖𝑒𝑠 connected in series. A constant voltage 𝑉 𝑣𝑜𝑙𝑡𝑠 is applied when the switch is 

closed. 

 

𝑅𝐿 circuit diagram 

The voltage across the resistor is given by:     

𝑉𝑅 = 𝑅𝐼. 

The voltage across the inductor is given by: 

𝑉𝐿 = 𝐿 
𝑑𝐼

𝑑𝑡
 

Kirchhoff's voltage law states that the algebraic sum of all voltages around any closed loop 

in a circuit is zero. This results in the following differential equation: 

𝐿 
𝑑𝐼

𝑑𝑡
+ 𝑅𝐼 = 𝑉.   

Example 5: In 𝑅𝐿 electric circuit 𝑉 = 12 𝑣𝑜𝑙𝑡𝑠,   𝐿 = 0.25 ℎ𝑒𝑛𝑟𝑖𝑒𝑠 and 𝑅 = 15 𝑜ℎ𝑚𝑠.  

Find current  𝐼 = 𝐼(𝑡) at any time 𝑡.  

Solution:    {0.25 
𝑑𝐼

𝑑𝑡
+ 15 𝐼 = 12 } × 4        

                      Standard form: 
𝑑𝐼

𝑑𝑡
+ 60 𝐼 = 48, which is a linear ODE  

                      𝑃(𝑡) = 60 and  𝑄(𝑡) = 48. 

                    Integrating factor: 𝜇(𝑡) = 𝑒∫  𝑃(𝑡)𝑑𝑡 = 𝑒∫  60𝑑𝑡 = 𝑒60𝑡 

                   General solution:   𝐼 𝑒60𝑡 = ∫ 48 𝑒60𝑡 𝑑𝑡 =
48

60
𝑒60𝑡 + 𝐶 
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                    𝐼(𝑡) =
 4 

5
+ 𝐶𝑒− 60𝑡       

                  When  𝑡 = 0 the value of  𝐼 = 0 

                    0 =
 4 

5
+ 𝐶𝑒− 60×0   ⇰      𝐶 = − 

 4 

5
 

                  𝐼(𝑡) =
 4 

 5 
(1 − 𝑒−60𝑡) 

 

 
 

H.W 

(1)  Solve the ODEs: 

 (𝑎)   𝑥 𝑦′ − 3𝑦 = 𝑥2.                   (𝑏)  𝑥 𝑦′ + 𝑦 = sin 𝑥.           

(2) Solve the IVPs: 

(𝑎)   𝑦′ + 𝑦 tan 𝑥 = sec 𝑥   with   𝑦(𝜋 4⁄ ) = √2.      

(𝑏)    
𝑑𝑣

𝑑𝑡
+ 2𝑣 = 𝑒−𝑡  with   𝑣(0) = 5. 

(3) In 𝑅𝐿 electric  circuit, if  𝐸 = 10𝑣, 𝐿 = 0.5𝐻 and  𝑅 = 12Ω. Find current 𝐼(𝑡)  at any 

time 𝑡. 

 

 

Websites:  

1. https://www.sfu.ca/math-

coursenotes/Math%20158%20Course%20Notes/sec_first_order_homogeneous_linear.h

tml 

2. https://www.intmath.com/differential-equations/5-rl-circuits.php 

 

https://www.sfu.ca/math-coursenotes/Math%20158%20Course%20Notes/sec_first_order_homogeneous_linear.html
https://www.sfu.ca/math-coursenotes/Math%20158%20Course%20Notes/sec_first_order_homogeneous_linear.html
https://www.sfu.ca/math-coursenotes/Math%20158%20Course%20Notes/sec_first_order_homogeneous_linear.html

