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    Methods of integration 

I- Integration by parts 

  We can find the integral of the product of two functions by the parts method in two 

ways, the first one is by using a dedicated table, and the second by using the general 

formula. 

1- Tabular Integration Method 

Take a look at where we can apply the tabular integration method. 

(1) When Integrand is the product of Polynomial times and something that can be 

repeatedly integrated, for example  ∫ 𝑥5 sin 2𝑥  𝑑𝑥 or ∫ 𝑥4 cos 3𝑥  𝑑𝑥.  

(2) Integrand multiple of power function and an exponential function, for example 

       ∫ 𝑥2𝑒5𝑥  𝑑𝑥 . 

The following steps to integrate using the table in cases (1) and (2): 

Step 1: We create a table with 4 columns width, in the first column, switch the signs 

from (+) to ( − ) leaving the first row unsigned. 

Step 2: In the second column, we leave the first row and put the polynomial function 

in the second row, its first derivative in the third row, the second derivative in the 

fourth row, and so on until we reach 0. 

Step 3: In the third column, we put the other function in the first row, integrate it in 

the second row, integrate it again in the third row, and continue until we equal the 

number of rows in the first column. 

Step 4: In the fourth column, we put the product of the contents of the previous three 

columns. 

Step 5: To calculate the integral, we add the contents of the fourth column. 
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    𝐄𝐱𝐚𝐦𝐩𝐥𝐞𝟏: Find  ∫ 𝑥2 cos 𝑥 𝑑𝑥          

+ −⁄  𝐷 𝐼 Product 

  cos 𝑥  

+ 𝑥2 sin 𝑥 𝑥2 sin 𝑥 

− 2𝑥 − cos 𝑥 2𝑥 cos 𝑥 

+ 2 − sin 𝑥 −2 sin 𝑥 

− 0 cos 𝑥 0 

 

∫ 𝑥2 cos 𝑥 𝑑𝑥 = 𝑥2 sin 𝑥 + 2𝑥 cos 𝑥 − 2 sin 𝑥 + 𝑐 

                           = (𝑥2 − 2) sin 𝑥 + 2𝑥 cos 𝑥 + 𝑐 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟐: Find  ∫ 𝑥3 𝑒3𝑥𝑑𝑥          

+ −⁄  𝐷 𝐼 Product 

  𝑒3𝑥  

+ 𝑥3 1 3⁄ 𝑒3𝑥 (1 3⁄ )𝑥3𝑒3𝑥 

− 3𝑥2 1 9⁄ 𝑒3𝑥 −(1 3⁄ )𝑥2𝑒3𝑥 

+ 6𝑥 1 27⁄ 𝑒3𝑥 (2 9⁄ )𝑥𝑒3𝑥 

− 6 1 81⁄ 𝑒3𝑥 −(2 27⁄ )𝑒3𝑥 

+ 0 1 243⁄ 𝑒3𝑥 0 

 

∫ 𝑥2 𝑒3𝑥𝑑𝑥 = (1 3⁄ )𝑥3𝑒3𝑥 − (1 3⁄ )𝑥2𝑒3𝑥 + (2 9⁄ )𝑥𝑒3𝑥 − (2 27⁄ )𝑒3𝑥 + 𝑐               

                      =
𝑒3𝑥

27
(9𝑥3 − 9𝑥2 + 6𝑥 − 2) + 𝑐   
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2- Integration by using the formula 

∫ 𝑢 𝑑𝑣 = 𝑢 𝑣 − ∫ 𝑣 𝑑𝑢    

Which is used for inverse trigonometric functions and logarithm functions.    

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟑:  Find     ∫ ln 𝑥 𝑑𝑥                          

                 𝑢 = ln 𝑥            and              𝑑𝑣 = 𝑑𝑥     

                𝑑𝑢 =
𝑑𝑥

𝑥
              and             𝑣 = 𝑥           

               ∫ 𝑢 𝑑𝑣 = 𝑢 𝑣 − ∫ 𝑣 𝑑𝑢    

              ∫ ln 𝑥 𝑑𝑥 = 𝑥 ln 𝑥  – ∫ 𝑥 ×  
𝑑𝑥

𝑥
 

                                  = 𝑥 ln 𝑥 − ∫ 𝑑𝑥  = 𝑥 ln 𝑥 − 𝑥 + 𝑐 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟒: Find ∫ sin−1 2𝑥 𝑑𝑥     

                     𝑢 = sin−1 2𝑥      and      𝑑𝑣 = 𝑑𝑥     

                   𝑑𝑢 =
2𝑑𝑥

√1 − 4𝑥2
    and        𝑣 = 𝑥          

                ∫ sin−1 2𝑥 𝑑𝑥 = 𝑥 sin−1 2𝑥 − ∫
2𝑥𝑑𝑥

√1 − 4𝑥2
  

                                         = 𝑥 sin−1 2𝑥 +
 1 

2
√1 − 4𝑥2 + 𝑐 
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II- Integration by Partial Fractions 

     The rational functions we will consider here for integration purposes are those whose 

denominators can be factored into only two linear factors. This integration method is simple 

and can be performed using easy steps and formulas . 

  Let’s say that we want to evaluate the integration 

∫
𝑎𝑥 + 𝑏 

(𝑥 ∓ 𝑐)(𝑥 ∓ 𝑑)
𝑑𝑥 

 Put    
𝑎𝑥 + 𝑏 

(𝑥 ∓ 𝑐)(𝑥 ∓ 𝑑)
=

𝐴

(𝑥 ∓ 𝑐)
+

𝐵

(𝑥 ∓ 𝑑)
 

Note that 𝐴 and 𝐵  are real numbers and their values should be determined suitably.  

Example 5: Evaluate    ∫
3𝑥 − 4

𝑥2 − 𝑥 − 6
𝑑𝑥   

            
3𝑥 − 4

(𝑥 − 3)(𝑥 + 2)
=

𝐴

(𝑥 − 3)
+

𝐵

(𝑥 + 2)
 

To find 𝐴 ∶  put   𝑥 = 3 and cover up the factor   (𝑥 − 3)    

                      𝐴 =
3𝑥 − 4

(𝑥 − 3)(𝑥 + 2)
=

3 × 3 − 4

(3 + 2)
= 1 

To find 𝐵 : put   𝑥 = −2 and cover up the factor   (𝑥 + 2) 

                     𝐵 =
3𝑥 − 4

(𝑥 − 3)(𝑥 + 2)
=

3 × (−2) − 4

(−2 − 3)
= 2 

∫
3𝑥 − 4

𝑥2 − 𝑥 − 6
𝑑𝑥 = ∫ (

1

(𝑥 − 3)
+

2

(𝑥 + 2)
) 𝑑𝑥 

= ln|𝑥 − 3| + 2 ln|𝑥 + 2| + 𝑐                                          

 

 

1. ∫ 𝑥2𝑒−3𝑥 𝑑𝑥         2. ∫ 𝑥 ln 𝑥 𝑑𝑥            3. ∫ tan−1 2𝑥 𝑑𝑥      4. ∫
3𝑥 + 5

𝑥2 − 2𝑥 − 15
𝑑𝑥   


