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Applications of Partial Derivatives

1. Jacobian and Hessian Matrices:

The Jacobian Matrix is a matrix composed of the first-order partial derivatives of a
multivariable function f (x,y) = (u(x, y), v(x,y)). The formula for the Jacobian

matrix is the following:

7=[oy )

The determinant of Jacobian matrix is denoted by |[J| = u, v, — v u,

Example 1: Let u = x? — y2,v = 2xy. Find Jacobian matrix and its determinant.

Uy = 2X,Uy, = —2Y,V, = 2y and v), = 2x
7= [Zx —Zy]
2y 2x

|J| = 2x X 2x — 2y X (—2y) = 4x? + 4y?
The Jacobian matrix of the function with 3 variables f(x,y, z) = (u,v,w)
Uy Uy U,
T=|vx v, 1
Wy Wy, W,
Example 2: Let u = x2y,v = y2z, w = xz2. Find Jacobian matrix and its determinant
at the point (1,1,1).

2xy  x*2 0 [2 1 0]

J=10 2yz y? 0 2 1

z? 0 2xz 101

2 1 0|2 1
|J]=(0 2 1{0 2

1 0 111 O
=2X2X24+1X1X14+40X0Xx0—-(1%x2%X04+0Xx1Xx2+2x0x1)
=9
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The second-order partial derivatives of the function f(x, y) can be arranged as a matrix
called the Hessian Matrix, denoted by H(f):

fx fxy]
£ yx fyy

The determinant of Hessian matrix is denoted by |H(f)| = fixfyy — fayfyx

HOD = |

Example 3: Find Hessian matrix and its determinant at the point (1,0).
for the function f(x,y) = (x? + y?)?%/2
fo=2x(x* +y?) B fir =2xX2x+2(x* +y?) = 6x* +2y* B fixl10) =6

fr =2y +y?) »  fyy =2y x2y+2(x* +yH) =202+ 6y7  ®fyy| =2

fey = fyx = 2y X 2x = 4xy =3 fxy|(1’0)=0
fix i

H(f) — fxx fxy
yx Jyy

The Hessian matrix of the function with 3 variables f (x, y, z)

frx fxy faz
H(f) = |fix fyy Tyz
fox Tay  Jzz

Example 4: Let f(x,v,z) = x%e¥ + xz?2. Find Hessian matrix and its determinant at the
point (1,0,2).

|=[g 2 = wi=[g 3=

fo=2xe 472 B =20 2 fulwon = 2
fx = 2xe” +z* = fry = 2x€” = fxy|(1,o,1) =2
f = 2xeY + z2 > fiy = 2Z > fezlaon =4
fy = x2eY = fyx = 2xeY = fJ’J’|(1,0,1) _ 9
fy = x*e” = fyy = x%e” = fyy|(1'0,1) =1
fy = x%e¥ 2 fy,=0 = fyz|(1'0’1) =0
f, = 2xz o f = 22 0 fuxlon =2
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fZ=2XZ = nyzo = fZY|(1,0,1)=O
fz = 2xz > fzz = 2X > fazlae) = 2
2 2 4
H(f)=l2 1 0]
2 0 2
2 2 4|12 2
IH)| =2 1 0]2 1
2 0 212 0

=2X1X24+2X0X24+4Xx2X0—-—(2X1X44+0X0Xx2+2%X2X2)
=4—-(8-8)=-12

2. Gradient and Laplace Operator of a Scalar Field

A scalar field is a function that takes a point in space and assign a number to it, for
example f(x,y,z) = x?+ cos2y +In(2z + 1)
f1,n/6,0)=1+cos(r/3)+In1=1+(1/2)+0=3/2

The Gradient of a scalar field f(x, y, z) is a vector field denoted by Vf and itis
definedas: |Vf=fii+f,j+ [k

Example 5: Find Vf of f(x,y,z) = 2x?siny —xytanz
fr =4xsiny —ytanz, f, =2x*cosy—xtanz and f, = —xysec’z
Vf = (4xsiny —ytanz) i+ (2x?cosy —xtanz) j — xysec’z k
Laplace Operator: The differential operator V2 is called Laplace operator and it is

defined as: |V2f = for + fy + foz

Example 6: Find Vf and V2f for f(x,v,z) = x3e¥ + xy?z3
fo =3x%e¥ +y2%z%3 © f., = 6xeY
fy =x%e¥ +2xyz°> » f,, =x’e¥ 4+ 2x23
f, = 3xy?z? = f,, = 6xy%z
Vf=fii+fyj+fk=0Bx%+y?z%) i+ (x%e? + 2xyz3) j + 3xy?z* k

Vif = fox + fyy + for = 6x€¥ + x7€¥ + 2x2° + 6xy°z
8
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3. Divergence and the Curl of a Vector Field
The Divergence of a vector field F(x,y,z) = F;(x,y,2)i + F,(x,y,2)j + F5(x,y,2)k
IS computed as:
0F, O0F, OF.
1 + 2 3

divF =V.F = I 6y+az

Example 7: Find div F if F(x,y,z) = xzi + e¥?j — In(xy) k

d(xz) d(e¥®) 0d(n(xy)) _
0x + ady - 0z B

The Curl of a vector field F(x,y,z) = F;(x,y,2)i + F,(x,y,2)j + F5(x,y,2)k

divF =V.F = Z+ zeY?

it is another vector defined as the following determinant:

[ j k
T “lox ay az| \ay az/)  \ox  az/)) " \ax oy

Example 8: Find curl F if F(x,y,z) = xyi + yzj + xzk at (—1,—3,—2)

ik

a3 9 0

dx 0dy 0z

Xy YyzZ Xz

_(362) 002\ (3G2) oGy, (302 3G,
“\ay oz )T Uax " Taz )T\ Tax T Tay

curl F =V XF =

= —yi —zj —xk

curl F | =3i+2j+k

at (-1,-3,—-2)
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Exercises

1. Letu = xcosy,v = x siny. Find Jacobian matrix and its determinant at (1, /4).
2. Letu = xe¥,v = ye?, w = ze*. Find Jacobian matrix and its determinant.
3. Find the determinant of the Hessian matrix for the functions

(@) fCxy)=x*y+xy?

(b) f(x,y,2) = x*sin(yz)
4.1f f(x,y,z) = x3y?z, then find

(@) Vf at (-1,2,-2)

(b) V?f at (1,-3,2)
5. IfF(x,y,z) = yze®i + xze*j + (e*¥ + 3 cos 3z)k, then find

(a) divF at (0, V6, 7T/6)

(b) curlF

10



