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Parallel-Axis Theorem:

|, =] y?dA

C: centroid of the area
& BB :centroidal axis

BB/ AA

s =[(y+d)’dA

| = j(§)2dA+ 2dj§dA+d2jdA

j(?)sz = 15 =moment of inertia about the centroidal axis

[ dA = Area
[ ydA = 1% moment of area about BB

j ydA = zero as BB s the centroidal axis

| =1+ Ad? | : about the centroidal axis
I: about any axis // to the centroidal axis with a distance d

Put k?A for |

& | =(k)?A
k? =(k)?+d?
also

J,=J_+Ad?
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Moment of Inertia of Composite Area:

Moments of Inertia of common geometric shapes

Shape Moments of inertia
Ty =~ ph?
, 12
y y _
Iy’ :ibsh
A 12
1 .3
Rectangle h ¢ I, ==bh
C X’ 3
1
Y I, =§b3h
b X 1
< > Je = —bh(b? +h?
c =1 P® +h?)
A
- 1
h |x :gbh3
Triangle 2 <
/ h x | — 1 bh?
Y v3 ; X _E

(%
y
I_x :Ty =£7ZI’4
. 4
circle X L
) J0=—7Zr4
2
y

/\ I_X = Ty = %721’4
Semicircle ¢cC X
PELEN

o J, e
4
y
Tx :I_y :%m‘l
Quarter Circle ] ec X 1
Ol r J,=—=nr’
y Tx :%ﬂabs
: K ;ib N 1 3
Ellipse \o‘/ « Iy :Zﬂa b
PELEN Jo =5 mab(a’ +b?)
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Ex: Find I & ky

Die s S By

o y
A
50[ |1
{ ! A
1 PSRN 1 X
[ | 3 I\
V : \\_/ 10 :

| A
|
|
: oy I )
| L2
|
|
|
|
: Y
L 90 |10
< > <>
|

T, = bh’ _10*50°

12 12

— b,h} 80*10°

12 12

L, =1, +2[1, + Ad?]

* 3 * 3
| = 801210 +2[1O >0 +(5o*10)(25—5)2}

l,, =61.5*10*mm*

Or:

_ 3 * 3
Part@): 1, = 1.+Ad? = % +Ad? = % +(40*10)(20 +5)2 = 303333.333mm*

= b,h,’
Part(2):1, = Ix+Ad2=%+Ad2=

10*40°
1

b,h?  100*10°
12 12

Part(3): 1, = I«+ Ad? =

|, ==l =1,+1,+I, =303333.333 + 303333 .333 +8333.333 = 61.5mm*

A =50*10 +50*10 + 80 *10 = 1800 mm?

+(40*10)(20+5)* = 303333.333mm*

= 8333.333mm*
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|, =105.12in"

* 4
k, = I _ wa =18.484mm
A 1800
9.28
Determine the centroidal polar moment of inertia of the area shown.
| 9i ,
y < - >
5 Y
e et i ________________________ 2in
1.6in 152,\' ____i____ Y.
| ’ 06in] A
AN T o A A
24in| | 1
R i 6i
""" | v §=54in ;
3in | !
i | Y_¥
C -— L T X
! >‘< >
: 21in :
Component A X |y AX AY
Rectangle 1 2*6=12 45 | 3 54 36
Rectangle 2 9*2=18 45 | 7 81 126
YA =30 Y AX =135 LAY =162
— XA
X = 2. _ 135 _ 4 5in
A 30
Y = 2 YA _162 _ 5.4in
A 30
— 3 * 3
Part(1): I, = Tx+Ad? = %+ Ad? = %+(2*6)(2.4)2 _ 36+69.12
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— * 3
Part(2): 1, = Tx+Ad? = bohy" | ag2 @ 1(22) +(2%9)(1.6)2 = 6+ 46.08

|, =52.08in*
I, =1, +1, =105.12 +52.08 =157 2in*

3 3 3 % 3%
1.y, _Bh b @F*6 @2
Y ' 2 12 12 12 12
J.=1,+ |y, =157.2+125.5 = 282.7in*

=4+121.5=125.5in"

Determine the polar moment of inertia of the area shown with respect to (a)
point O, (b) the centroid of the area .

(@)

3in

Z N
1
1

3in

I, N R
16 12 16
| =L %@+ L *3%(3)° + L 7*(3)"
* 16 12 16
I, =38.5586in"
ly=1, +1, +1,
| =i7zr“+ib‘°’h+i7z'r4
Y16 12 16
1
|, = = 2% (3 =% (3 %34 % (3
v = 167" (3 + +15 3 16 (3"
I, = 38.5586in*
J,=1,+1,=38.5586 +38.5586 = 77.11in*
(b)
_ * _ *
Part(l):x:+4r = 4 3=+1.273in.;y= - 4r :+4 3=+1.273in
3 3 3 3
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- b . — h 3 .
Part(2): x=——=—=-1injy=— =—=+1iIn
(2) 3= 3 y=3
_ _ _ * _ _ _ *
Part(3):x = —2F = =4"3 _ 4 o73in:y == _ =473 _ 1 573in
3z 37 3z 3z
Component A X y AX AY
Quarter [ ar*? =*3*| _ 4r _4*3 _4r _4*3
circle 4 4 37 3x¢ 3r  3rx 8.999 8.999
1 =7.068 =1.2732 =1.2732
triangle _bh _3*3 _-b_=3 _h_3
29 2~ 2 3 3 373 45 | 45
=45 =-1 =
Quarter | =zr* =z*3°|_—4r —4*3| —4r —4*3
circle | 4 @ 4 37 37 37 37 | -8.999 | -8.999
3 =7.068 =-1.2732 =-1.2732
_ SAX=[XAY=
> A =18.636 45 | 4z
X = ZXA: —45 _ 0 .242468in
A  18.636
— yA
y:Zy _ 4O 0.241468in
A 18.636
le = Ixi+A‘1(71)2
25
| =Lt _ P w1.273)
16 4
2 .
| =L ezt _ 73 g 73y 3in
16 4
l,, = 4.45in*
—_— J— ____X_
|c><l = Ix{ +A1(y1_y)2
7z1’2
ly, = 4'45+T*(1'273_0'24l4)2 3in
2
I, =445+ 72 *(1.0316)° X
chl =11.9723in*
Ix2 = Ix'2 +A2(y_2)2
* 2%, 23 *
IX':ibh:?_m*(l)Z:l 3 3 _3 3*(1)2
2 12 2 12 2
l,, = 2.25in’
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|c><2 = Ix’z + Az(y_z_y)z

CX3

*
I, =2.25+ bzh *(1—0.2414)% = 2. 25+3—23*(o 7586)2
I, =4.8396in*
Ix3 = Ix’3 +A3(y_3)2
2 2
I, = L *(1.273)% = L xge 73 *(1.273)?
: 16 4 16 4
l,, =4.45in"
ch3 = Ix'3 + Aa(y_3+§)2
2 2
| =445+ %(1.273+0.2414) = 4.45 + ”j *(1.5144)2

I, =20.6611in*

ch = ch1 + ch2 + ch3
| =11.9723+4.839 + 20.6611
|_ =37.473in*
=1, + A(X)?
2 2

I, =Lt =M @.273)2 = 2 7%3* - 73 x(1.273)

{716 4 16 4
I, = 4.45in*

Iy, =1, + A (4 +X)°

ar? ) 73, )
Iy, = 445+ % (1.273+0.2414)" = 445+ T *(15144)

ley, = 20.6611in*
IYz = Iyé + AZ(X_Z)Z

1 1*33*3 3*3
I,=—b3h——*1 *(1
v =17 @ = 1 @°
l,, = 2.25in*
Iy, =1y, + Ay (X, —X)?

*

., =225+ bh —*(1-0.2414)* =2.25+ 3 3"‘(O 7586)°
Cy2 2 2
Iy, = 4.8396in*
IY3 - IYé + AB(X_S)Z

1, ar? 1 3°

| = o *(1.273)% = = %34 _ 2 %1273
%16 g 273 =gen 4 @273y

l,, = 4.45in*
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N N\ 2
Iy, = Ly + A, (X3 — X)

2 2
l,,, = 4.45+ ”2 *(1.273—0.2414) — 4.45 + ”j’ *(1.0316)?

|Cy3 =11.9723in*
Icy = Icyl + Icyz + ICY3

I, =20.6611+4.839+11.9723

o« = 37.473in*
I, + ICy

Cc

|
J
J, =37.473+37.573
J, =74.946in*




