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Derivatives of Trigonometric Functions

] . 80° ,, 17 448
360° =2n radians | 1 radians = =57°17'448" =57+ —+ ————
T 60 60 x 60

= 180 ° (sin 7; cos m, sec T, csc¢ 7, cot 7, and tan 1)

22 .
m=— in real no. (2m; e”, Inm, ... etc)

1 d q d | du
—sinx=cosx dx —sinu=cosu —
dx dx dx
, d _ q d : du
—CcoSX= —sinx dx —cosu=—sinu —
dx dx dx
; d X 20 g d i , du
: —tanx=sec’ x dx —tanu=sec?u —
dx dx dx
. d : 4 d ) du
—secx=secx tanxdx | —secu=secu tanu—
dx dx dx |
. d xd d . du
5| —cscx=—cscx cotxdx|—cscu=—cscu cotu—
dx dx dx |
o & N d__ . du
—cotx= — csc*x. dx —cotu=—csctuy —
dx dx dx
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Applications of Derivatives

1. Increases and decreases of function:

(a) f(x) increases if {'(x) > 0;

(b) f(x) decreases 1f {'(x) <0;

2. Concave up, concave down and inflection points:
(a) Concave down y " <0);

(b) Concaveup vy~ >0;

——— -
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Example 1 Graph the curve y = - (x —6x%2+9x + 6)

Solution: (1) y" = E = E(Bx - 12x + 9)
d? 1
y' o= _dx)f: =E(6x— 12)=x—2

(2) For maximum and minimum values of y:

1
y =0 ;;; O:E(3x2—12x+9) s (2% —dx + N0

x—Dx—-3)=0; x=1:y= g(ig)
x=3~y=1;;31
where y = (x?—4x+3)
at x =1 (max. point) S —
at x =3 (min. point) W N e % 9
(3) For concave up and down:
y'=0;;; 0=x=2;;; x=2

4 £V g . .
L= 3 ;;(2,5) inflection point
x<2;; y°= — (concave down)
x>2;; ¥'= + (concave up)
(4) Graph:
X1 Yy
0 | 1 |For Graph &7
5 . 5 r:‘..'-'..i
1 q max point %'J \/H,»;]
- (20U o,
(24 ¥ L3A)
2 % inflection point ] |
% 4 1] 1
3| 1 |minpoint JE T
4 g For Graph
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Asymptotes:

1. A line y = b 1s horizontal asymptote:

lim f(x)=bh

X — Foco
2. A line x = a 1s vertical asymptote:

lim f(x) = +o0

X—=a

3. If a rational function 1s a quotient of two polynomials that have no

common factor and if degree of numerator in one larger than the degree of

4

denominator asit1s my =; :i then the graph have an oblique asymptote.
2
Example 1: Find vertical and horizontal asymptote of y = X: —

Solution:

. - O2x
(1) horizontal asymptote: lim 2_}{:1  y=1 h a
X 0O

2
(2) Vertical asymptote: limxﬁa}{:fl=ioo = X=+400 Va.

x%2—1
2X+4

Example 2: Find vertical, horizontal and oblique asymptote of y =

Solution:
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. . ox*—1 o | 2x
(1) horizontal asymptote: lim =— ;; lim —=o00 no.h. a.
x—02X +4 00 x—w 2

&
(2) vertical asymptote: llm,(_,a_f 1=00 slim, ,,x=—2 v.a.
(3) Obli tot res b > e
1gue asymptote: = St 2 2_
A Ay Y =y +4 2 2x +4 Xl [e
x ¥ % ?__%
= ==1 0O.a. y T 0 -2¢-\
¥ 2 T } £ \ : =2xH
| ',.." ’ -~ 'f\\“u 3
e -+ X
"!
Vi |
\/
X%+1 .
Example3: If y= i Find:

1. Max. and min point;
2. Concave up and down, inflection points;

3. Asymptotes;
4. Graph of function;

5. Domain and range.

INEDXERE - B+ X)) ##+22—1

Solution:
1)y’ =
S, (x + 1)2 (x + 1)2
x24+2x-1

y=0:u iz =0

—2+V4+4
x2+2x—1=0; x= —2 ;x=—241 - y= —4.82
x =041 > y= 0.82
max. point: (—2.41, —4.82) ;;; min. point: (0. 41,0.82)

\ \«.--..\'jl']:ag“
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X+ 1P x(2x+2)— X*+2x—1)x2(x+1)
2y’ =

(x + 1)*
”?(x+1)><(2x+2)—(x2+2x—1)><2ﬂ2x2+4x+2—2x2—4x+2
y = (x + 1)° = (x + 1)°

Rk
P 4 . ) .
y =0 ;; —(x+1)3—0 v 4+ 0 (noinflection point)

x4 1 2X

(3) horizontal asymptote: )}_ug T 1 i ;%i—ﬂT:w (no.h. a.)

x2+1 K=\

vertical asymptote: lln‘lx_,am 5 X=—=1 h.a <\ [% 1
Obli tot e oy - : \
ique asymptote: y = ; Yy=X— ® - X«
q ymp y x +1 Y xX+1 _1:_1_
y=x —1 Q. ; i
For x=—1; y"'=+4+ —-x> =1 (concave up)
y’'= — - x< —1 (concave down)
y=x-1
X y X y X
(0.a.)
0 1 -2 -5 0 -1
041|082 | |-241 | -4.82 1 0
1 1 -3 -5
5.Dpix #-1
Rr; 082°<yuUy < —4.82 2
\\Ii'* .
I-!. + b ' —n
s
w ‘{“\':
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Trigonometric Functions:

Given a circle of radius (r) and p(x,y) is any point of the circle then:

1 r =
sin = Y csch=——=-— F-axi
¥ sinf@ y
X 1 r
cosf = - sech = = —
I cosf  x .
W A E
sin @ I x x o
tan0= e coth= ==
cosB x tan0 y
sin(x) cos(x)
'En Jf n Ji o _g n 1;: an ;n_ﬂ; o 1} o _,q, n _31'_: an
tan(x) uitu}
!.Jn _i*| " Jj_ [i] a " _}9 an ‘Jrl Ji] n 5 5] _a_ " ,}f &n
Se;c:m coti{x)
‘-T-“-;f "y e A _}P‘_ju S0 ap -n g o _g n'_,'i;'fan
X y =sin X ¥
0 0 ’ ' . -‘; Fer I'L':I{] ;
,‘.'T I ke LIl & &) . é
— 0.5 E
’ AWAL AWM AWAY
T 0 \]n vu : € v -En ;s\jn
T 1
2
=T 0
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X | y=cos x a1
0 1 ey DY g
T 0 = AR T
2
L 0
2
G -1
X y=tan X
0 0
s
ey oo
z
T
- — —00
2
- 1
4
ﬂ“ 1
2 =

0| Qi A | Ao |

1

[
\
I
|
I

Example: Find the domain and range of the function y = sin? x and graph the

function.

Solution:

From graph: Df:

Example: Find the domain and range of the function y =

= 1u‘l_-—cosx
= V—cosx+1

— 0 <x <

Rf: 0<y <42

Solution: For0 <x < —[+]

4

Forall :Df: 0+—<x<—+—(n=0246

or: 0+ nn <x <

; +nr(n=0,1,2,3,

..ete)

vsin 2x.

.etc)

Rf: 0<y<1
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