Number Theory Lecture 1

Number Theory

This lecture investigates some basic properties of the natural numbers (or positive integers), that is, the set
N={12,..}
and there "cousins" the integers that is the set
Z={..,-2,-1012,..}

The following simple rules concerning the addition and multiplication of numbers are assumed where
(a,b,c arbitrary integers)

(a) Associative law for multiplication and addition:

(@+b)y+c=a+b+c) and (ab)e = a(be)
(b) Commutative law for multiplication and addition:
a+b=>b+a and ab = ba

(¢) Distributive law:
afb + ¢y =ab + ac

(d) Additive identity 0 and multiplicative identity 1:

a4+ 0=04+a=a and a-1=1.-a=u

(e) Additive inverse —a for any integer a:

a+{(—a)=(—a)+a=10

Fundamental Theorem of Arithmetic: Every positive integer n > 1 can be written uniquely as a product
of prime numbers.

1-1 ORDER AND INEQUALITIES,ABSOLUTE VALUE
Order

Observe that we define order in Z in terms of the positive integers N. All the usual properties of this order
relation are a consequence of the following two properties of N:

[Py] If aand b belong to N, then a + b and ab belong to N.
[P,] Forany integer a, eithera € N,a = 0, or —a € N.

The following notation is also used:

a > bmeans b < a; read: a is greater than b.
a<bmeansa < bora =b; read: a is less than or equal to b.
a > b means b > a; read: a is greater than or equal to b.

The relations <, >, < and > are called inequalities in order to distinguish them from the relation = of
equality. The reader is certainly familiar with the representation of the integers as points on a straight line, called
the number line R, as shown in Fig. 11-1.
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We note that @ < b if and only if a lies to the left of b on the number line R in Fig. 11-1. For example,
2 <5; —6 < —3; 4 < 4; 5> —8; 6 = 0; -7=<0

We also note that a is positive iff @ > 0, and a is negative iff @ < 0. (Recall “iff”” means “if and only if.”)
Basic properties of the inequality relations follow.

Definition 1-1:

forintegeraand b a > b ifand only if a — b is positiveand a = b ifand only if a > b and a = b also
b<aifa>bandb<aifa=bhb.

proposition 1.1

The relation = in Z has the following properties:
(i) a =< a, for any integer .
(ii) Ifa = b and b < a, then a = b.

(iiiy Ifa = b and & = ¢, then a = ¢.

Proof:

i Ifa<band b<a,let a#b

a < band b < a then b-a is positive and

a — b = —(b — a) is positive Contradiction [ P2]

Thus must be a=b

For(ii)lfa<b andb < c

Then b — a and ¢ — b is postive

Hence (b —a) + (c — b) = ¢ — a is postive

Soa<c

Proposition 1.2:

(Law of Trichotomy): For any integers a and b, exactly one of the following holds:

a=b a=bh o a=~b

Proposition 11.3: Suppose a = b, and let ¢ be any integer. Then:
(M ate=b+te.

(1) ac = be when ¢ = 0:; but ae < be when ¢ < 0,
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Proof :

The proposition is certainly true when ¢ = b. Hence we need only consider the case when a < b, thal is, when
b — a is positive.

(i) The following difference is positive: (b4 ¢) — (@ +¢) = b —a. Hencea + ¢ < b 4 .

(ii) Suppose c is positive. By property [PP] of the positive integers N, the product ¢(b — a) is also positive. Thus
ac = be.

Now suppose ¢ is negative. Then —c is positive, and the product (—c)(b—a) = ac—bc is also positive. Accordingly,
b = ac, whence ac = be.

Absolute Value

The absolute value of an integer a. wrilten |a|, is formally defined by

al = a ifa=10
| -a ifta<0

Accordingly, |a| = 0 except when a = 0. Geomelrically speaking, |a| may be viewed as the distance between
the points @ and 0 on the number line R. Also, |a — b| = |b — a| may be viewed as the distance between the
points @ and b. For example:

(@) [=31=3 17I=7 [|-13[=13 B 12-T7=|-51=5 [7T-2|=|5|=5

Proposition 1-4
Let a and b be any integers. Then:

(i) la|=0,and |a|=0iff a =0 (iv) |a £ b| < |a|+ |b|
(i) —la| <a <la| ) llal— 1l < la £ b]
(m) |ab| = |al|b|

1-2 DIVISION ALGORITHM

Theorem 1.1

(Division Algorithm): Let @ and b be integers with b #£ 0. Then there exists integers g and r
such that

a=bg+r and 0<r <|b|

Also, the integers ¢ and r are unique.

The number g in the above theorem is called the guotient, and r is called the remainder. We stress the fact
that r must be non-negative. The theorem also states that

r=a—bqg

3
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This equation will be used subsequently

If @ and b are positive, then g is non negative. If b is positive, then Fig. 11-2 gives a geometrical interpretation
of this theorem. That is, the positive and negative multiples of b will be evenly distributed throughout the number
line R, and a will fall between some multuples gb and (g + 1)b. The distance between gb and a 1s then the
remainder r.

2b PR gh (g+ )b
f!

Example

(a) Leta = 4461 and b = 16. We can find that the quotient ¢ = 278 and the remainder r = 13 by long division,
Alternately, using a calculator, we obtain ¢ and r as follows:

afb=2188125..., q =278, r = 4461 — 16(278) = 13

As expected, @ = bg + r, namely:
4461 = 16(278) + 13

(b) Leta = —262 and b = 3. First we divide |a] = 262 by b = 3. This yields a quotient ¢ = 87 and a
remainder r’ = 1. Thus

262 = 3(87) + |
We need ¢ = —262, so we multiply by —1 obtaining
—262 = 3(—-87) — 1
However, —1 is negative and hence cannot be r. We correct this by adding and subtracting the value of b

(which is 3) as follows:

—262=3(-87)—-34+3—-1=3(—88)+2
Therefore, g = —88 and r = 2.

(c) Let b = 2. Then any integer a can be written in the form
a=2g+r where 0<r <2

Thus r can only be 0 or 1. Thus every integer is of the form 2k or 2k 4+ 1. The integers of the form 2k are
called even integers, while those of the form 2k + 1 are called odd integers. (Usually, an even integer is
defined as an integer divisible by 2, and all other integers are said to be odd. Thus the division algorithm
proves that every odd integer has the form 2k 4 1.)

DIVISIBILITY,PRIMES

Let a and b be integers with a # 0. Suppose ac = b for some integer ¢. We then say that a divides b or b is
divisible by a, and we denote this by writing

alb

We also say that b is a multiple of a or that a is a factor or divisor of b. If a does not divide b, we will write a | b.

4
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Example

(a) Clearly, 3|6 since 3-2 = 6,and —4 | 28 since (—4)(—7) = 28.
(h) The divisors of 4 are +1, +2, +4 and the divisors of 9 are +1, +3, +9.
(c) Ifa # 0, thena|0sincea -0 =10,

(d) Every integer a is divisible by +1 and +a. These are sometimes called the rrivial divisors of a. The basic
properties of divisibility is stated in the next theorem (proved in Problem 11.24).

Theorem 1.2: Suppose a,b,c are integers .
(i) Ifa|band b|c,thena|c.
(i1) If a | b then, for any integer x, a | bx.
(iii) Ifa|banda|e,thena|(b+ ¢)and al(b — ¢).
(iv) Wa|band b £ 0, thena = +bor |a| < |b|.
(v) Ifa|bandb|a,then |a| = |b|,1e.,a = +b.
(vi) Ifa|l,thena = +1

Putting (ii) and (iii) together, we obtain the following important result.

Corollary

Suppose a | b and a | ¢. Then, for any integers x and v, a | (bx + ¢y). The expression bx + ¢y
will be called a linear combination of b and c.

Primes

A positive integer p > 1 is called prime number or prime if its only divisors are +1 and +p, that
is, iIf p only has trivial devisor. If n > 1 is not prime , then n is said to be composite .

Example

(a) The integers 2 and 7 are primes, whereas 6 =2 - 3 and 15 = 3 - 5 are composite.
(b) The primes less than 50 follow:

2, 3, 5 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47
(c) Although 21, 24, and 1729 are not primes, each can be written as a product of primes:

21=3.7, 24=2.2.2-3=2%.3; 1729 =7-13-19
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Theorem 1.2
Every integer n > 1 can be written as a product of primes.
Theorem 1.3
There is no largest prime, that is, there exist an infinite number of primes.
Proof: Suppose there is a finite number of primes, say py, ps, ..., p,,. Consider the integer
n=pPy Pt

Since n 1s a product of primes (Theorem 11.11), it 1s divisible by one of the primes, say p;. Note that p; also
divides the product py p, ... p,,. Therefore p; divides

H—mMPr...Pn =1

This is impossible, and so n 1s divisible by some other prime. This contradicts the assumption that py, py, ..., p,
are the only primes. Thus the number of primes 1s infinite, and the theorem is proved.





